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a b s t r a c t

This paper considers the problem of attitude synchronization control of a group of flexible

spacecraft under an undirected communication graph and in the absence of measurements

of both modal variables and spacecraft angular velocities. To solve this problem, a nonlin-

ear observer is introduced to estimate the unmeasurable modal variables and spacecraft

angular velocities. Then, the backstepping technique is used to design the control law.

The stability of the overall closed-loop system is guaranteed by the Lyapunov approach

together with Barbalat’s Lemma. The performance of the control scheme derived here is

illustrated through numerical simulations.

© 2016 Published by Elsevier Inc.

1. Introduction1

Recently, the problem of attitude cooperative control for a group of spacecraft has attracted significant research attention.

Q2

2

This is due to the fact that multiple cooperative spacecraft is an applicable technology for many space missions such as3

monitoring of the Earth and its surrounding atmosphere, geodesy, deep space imaging and exploration, and in-orbit servicing4

and maintenance of spacecraft.5

For a group of rigid spacecraft, a class of decentralized coordination tracking control laws was developed in [21]. Ren [14]

Q3

Q4

6

proposed control laws for a team of spacecraft through local information exchange. With consideration of external distur-7

bances and time delays, a decentralized variable structure controller for attitude coordination control of multiple spacecraft8

was presented in [9]. Based on a state-dependent Riccati equation technique, a decentralized attitude coordination control9

algorithm for satellite formation flying was proposed in [4]. With consideration of the control input saturation, a neural10

network-based distributed attitude coordination control scheme was proposed for a group of rigid spacecraft when the11

common reference attitude was available only to a portion of the group members [26]. Using a Lagrangian approach and12

nonlinear contraction analysis, the problem of cooperative tracking control for a group of spacecraft was studied in [5]. In13

[2], the leader-follower attitude consensus problem for a multiple rigid spacecraft system was discussed. Using the finite-14

time control technique, the finite-time attitude cooperative control problem has been investigated in [8,13,23–25]. In these15

works, full state measurements (i.e., both attitude and angular velocity) are required for use in the control laws.16

Based on a bi-directional ring topology, a passivity based formation control law for multi-spacecraft attitude alignment17

was proposed in [12]. Later, the work of [12] was extended in [15] to the case of a general undirected connected commu-18

nication topology. In [1], a velocity-free attitude tracking and synchronization control scheme was developed for a group of19
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spacecraft. For the case when the time-varying reference attitude was available only to a subset of the group members, a20

velocity-free attitude coordination control scheme was designed for a group of rigid spacecraft [27].21

It is noteworthy that the aforementioned attitude coordination laws are designed for rigid spacecraft. Due to the effect of22

flexible dynamics, the problem of attitude coordination control for multiple flexible spacecraft is much more challenging. In23

[22], a nonfragile output tracking control scheme was presented for flexible hypersonic air-breathing vehicles, and in [20],24

an output feedback controller was presented for a class of TCS fuzzy stochastic systems. Furthermore, a joint model of an25

autonomous distributed system was used for a production process [17], and a distributed fuzzy filter was designed for a26

class of sensor networks [19]. However, it is not straightforward to extend the results in [17,19,20,22] to the problem of27

attitude coordination control of a group of flexible spacecraft.28

More recently, using the unit quaternion as the attitude representation, a distributed attitude synchronization control law29

was proposed in [7] for a group of flexible spacecraft. However, it is only shown that the vector part of the quaternion of30

each spacecraft in the group can achieve synchronization, and it is not clear whether true attitude synchronization can be31

reached. Furthermore, angular velocity measurements are required in the control law in [7]. However, in practical applica-32

tions, due to either cost limitations or implementation considerations, angular velocity measurements may not be available.33

Therefore, it is necessary to develop a new velocity-free control scheme for the problem of attitude synchronization control34

of a groupof flexible spacecraft.35

In this paper, the attitude synchronization control for a group of flexible spacecraft under an undirected communication36

graph is addressed. The knowledge of modal variables and spacecraft angular velocity is assumed to be unavailable, and the37

attitude of each spacecraft in the group is represented by modified Rodrigues parameters (MRPs). It should be emphasized38

that the effects of the flexible dynamics, affecting the rigid motion, and the absence of measurements of modal variables39

and of the spacecraft angular velocity, makes the controller design more challenging. To solve this problem, a semi-global40

nonlinear observer is first developed for each spacecraft system to estimate the attitude state and modal variables of itself.41

Note that the term “semi-global” is referred to the attitude system described by MRPs. Next, a distributed attitude synchro-42

nization control law is proposed based on the backstepping technique. Finally, a rigorous stability analysis for the overall43

closed-loop is provided by using the Lyapunov approach together with Barbalat’s Lemma.44

2. Background and preliminaries45

2.1. Notations46

The notation ‖·‖ refers to the Euclidean norm of a vector or the induced norm of a matrix. In represents the n × n47

identity matrix. λmax (·) and λmin (·) denote the maximum and minimum eigenvalues of a matrix, respectively. For xi ∈ Rni , i =48

1,2, . . . ,n, col(x1, x2, . . ., xn) = [xT1 , xT2 , . . ., xTn]
T . For x ∈ R3, x× ∈ R3 × 3 denotes a 3 × 3 skew-symmetric matrix defined by49

x× =
[

0 −x3 x2
x3 0 −x1

−x2 x1 0

]
. (1)

2.2. Attitude kinematics and dynamics of flexible spacecraft50

In this paper, we consider a group of n flexible spacecraft. Using MRPs [18] as the attitude representation, the attitude51

kinematics for the ith spacecraft is described by52

q̇i = Ti(qi)ωi, (2)

where qi(t) ∈ R3 represents the MRPs [18] describing the spacecraft attitude with respect to an inertial frame, defined by53

qi(t) = �i(t) tan

(
φi(t)

4

)
, φi ∈ [0,2π)rad (3)

with ϱi and φi denoting the Euler eigenaxis and eigenangle, respectively, ωi ∈ R3 is the angular velocity of the ith spacecraft54

in a body-fixed frame, and the Jacobian matrix Ti(qi) ∈ R3 × 3 for the MRPs is given by [18]55

Ti(qi) = 1

2

[
1 − qT

i
qi

2
I3 + q×

i
+ qiq

T
i

]
. (4)

The attitude description using the MRPs has an advantage of being valid for eigenaxis rotations up to 360°.56

For the ith flexible spacecraft, the attitude dynamics is [6]57

Jiω̇i + δT
i η̈i = −ω×

i

(
Jiωi + δT

i η̇i

)
+ τi,

η̈i +Ciη̇i + Kiηi = −δiω̇i, (5)

where Ji ∈ R3 × 3 is the inertia matrix, τ i ∈ R3 is the control torque, δi is the coupling matrix between the rigid body and the58

flexible attachments, ηi is the modal displacement, Ci = diag{2ζi,k�i,nk, k = 1,2, . . . ,Ni} and Ki = diag{� 2
i,nk

, k = 1,2, . . . ,Ni}59
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are the damping and stiffness matrices, Ni is the number of flexible modes considered, ϖi, nk is the natural frequency, and60

ζ i, k is the corresponding damping.61

To facilitate the controller development, like [6], we introduce the following variable62

ψi = η̇i + δiωi (6)

representing the total angular velocity expressed in modal variables. Then, the attitude dynamics (5) can be reexpressed63

as:64

η̇i = ψi − δiωi, ψ̇i = −Ciψi − Kiηi +Ciδiωi

J̄iω̇i = −ω×
i
(J̄iωi + δT

i ψi) + δT
i (Ciψi + Kiηi −Ciδiωi) + τi, (7)

where J̄i = Ji − δT
i
δi.65

By appropriate procedures and definitions, the system in (2) and (7) can be transformed as:66

q̇i = vi, v̇i = fi(qi, vi, ηi,ψi) + gi(qi)τi,

η̇i = ψi − δiPivi, ψ̇i = −Ciψi − Kiηi +CiδiPivi, (8)

where vi = q̇i, Pi = T−1
i

, gi = TiJ̄
−1
i

, and fi(qi, vi, ηi,ψi) = −TiṖivi − TiJ̄
−1
i

(Pivi)×(J̄iPivi + δT
i
ψi) + TiJ̄

−1
i

δT
i
(Ciψi + Kiηi −CiδiPivi).67

The main objective of the present work is to design a control law for τi(i = 1,2, . . . ,n) such that the attitude states of all68

spacecraft in the group can reach synchronization even in the absence of measurements of both spacecraft angular velocity69

and modal variables.70

2.3. Communication topology71

Using the graph theory, we model the topology of the information flow among spacecraft by a weighted undirected72

connected graph G = (ϒ, E,A), where ϒ = {r1, r2, . . . , rn} is the set of nodes, E⊆Y × Y is the set of edges, and A = [ai j] ∈73

Rn×n is the weighted adjacency matrix of graph G with nonnegative elements. Node ri(i = 1,2, . . . ,n) represents the ith74

spacecraft, and an edge in G is denoted by an unordered pair (ri, rj). (ri, rj) ∈ E if and only if there is an information exchange75

between the ith spacecraft and the jth spacecraft. Since the graph is undirected, (ri, rj) ∈ E⇔(rj, ri) ∈ E. The adjacency76

element aij denotes the communication quality between the ith spacecraft and the jth spacecraft, i.e., (υi, υ j) ∈ E ⇔ ai j > 0.77

It is assumed that ai j = a ji and aii = 0; that is, the weighted adjacency matrix A is a symmetric matrix.78

The degree matrix of the weighted graph G is defined as D = diag{d1,d2, . . . , dn}, where di = ∑n
j=1 ai j(i = 1,2, . . . ,n).79

The Laplacian matrix L of the weighted graph G is defined as L = D − A, which is a symmetric matrix. For any two nodes ri80

and rj, if there exists a path between them, then G is called a connected graph. In this paper, it is assumed that the graph81

G is connected.82

3. Distributed attitude synchronization control for a group of flexible spacecraft83

In this section, we focus on designing a distributed attitude synchronization control law for a group of n flexible space-84

craft. We assume that measurements of both spacecraft angular velocities and modal variables are unavailable for use in85

designing the control law. To solve this problem, a nonlinear observer is introduced to estimate the angular velocity and86

modal variables, and then the backstepping technique is applied to design a distributed control law such that the attitudes87

of all spacecraft can reach synchronization even in the absence of measurements of both spacecraft angular velocities and88

modal variables.89

3.1. Nonlinear observer90

Since measurements of both spacecraft angular velocities and modal variables are unavailable, we design a nonlinear91

observer for each individual spacecraft, defined as follows:92

˙̂qi = v̂i + θθ1q̃i,

˙̂vi = fi(qi, v̂i, η̂i, ψ̂i) + giτi + θ2θ2q̃i, (9)

where θ , θ1 and θ2 are positive constants, q̂i with q̂i(0) = qi(0) and v̂i with v̂i(0) = 0 are estimates of qi and vi, respectively,93

q̃i = qi − q̂i, and ψ̂i and η̂i are estimates of ψ i and ηi generated by94

˙̂ηi = ψ̂i − δiPiv̂i,
˙̂ψi = −Ciψ̂i − Kiη̂i +CiδiPiv̂i. (10)

The main idea behind the introduction of the observer given in (9) and (10) is to provide an asymptotic estimation of the95

angular velocity vi and the modal variables ψ i and ηi. Through an appropriate choice of the control torque τ i by using the96

estimated variables v̂i, ψ̂i and η̂i, one can remove the requirements of measurements of both spacecraft angular velocities97

and modal variables. Furthermore, it is noted that if the effect of flexible dynamics is not considered (i.e., the spacecraft98

is rigid), which implies that ψ i ≡ 0 and ηi ≡ 0, the observer in (9) can be considered as a Luenberger-style observer [3].99
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Consequently, the observer and controller proposed in this paper can be applied for a group of rigid spacecraft. A limitation100

for the proposed observer is that the inertia matrix or its nominal part must be known. It would be interesting to allow the101

inertia matrix to be unknown. Such a problem needs further investigation, and adaptive control and/or intelligent control102

approaches may be required to relax the above-mentioned limitation.103

Now, we have the following Lemma.104

Lemma 1. For any given constant � > 0, if qi, q̂i, vi, v̂i, ηi, η̂i,ψi, and ψ̂i lie within the following compact set:105

�i = {Xi|‖qi‖ ≤ �,‖q̂i‖ ≤ �,‖Yi‖ ≤ �,‖Ŷi‖ ≤ �}, (11)

where Xi = col(qi, q̂i,Yi, Ŷi), Yi = col(vi, ηi,ψi), and Ŷi = col(v̂i, η̂i, ψ̂i), then there exists a positive constant fMi such that106

‖ fi(qi,Yi) − fi(qi, Ŷi)‖ ≤ fMi‖Yi − Ŷi‖.107

Proof. Note that the set �i is convex and compact, and we can obtain the Jacobian matrix ∂ fi/∂Yi is bounded on the set �i.108

Let fMi be the bound for ‖∂ fi/∂Yi‖, and define h(s) = (1 − s)Yi + sŶi. Since �i is convex, we have ‖h(s)‖ ≤ � for s ∈ [0, 1].109

Let z ∈ R3 be110

z = fi(qi,Yi) − fi(qi, Ŷi)

‖ fi(qi,Yi) − fi(qi, Ŷi)‖
(12)

then we have ‖z‖ = 1 and111

zT ( fi(qi,Yi) − fi(qi, Ŷi)) = ‖ fi(qi,Yi) − fi(qi, Ŷi)‖. (13)

Define G(s) = zT fi(qi,h(s)). Since G(s) is a real-valued function and is continuously differentiable on [0, 1], it follows from112

the mean value theorem that there exists s1 ∈ (0, 1) such that G(1) − G(0) = G′(s1). Therefore, we can obtain113

G(1) − G(0) = zT ( fi(qi, Ŷi) − fi(qi,Yi)) = zT
∂ fi
∂Yi

(h(s1))(Ŷi − Yi) (14)

which in turn implies that114

‖ fi(qi,Yi) − fi(qi, Ŷi)‖ ≤ ‖z‖
∥∥∥∥∂ fi
∂Yi

(h(s1))

∥∥∥∥‖Ŷi − Yi‖ ≤ fMi
‖Yi − Ŷi‖. (15)

�115

The asymptotic stability of the observer defined by (9) and (10) is given in the following theorem.116

Theorem 1. Consider the observer described by (9) and (10). For any given constant � > 0, if qi, q̂i, vi, v̂i, ηi, η̂i,ψi, and ψ̂i117

lie within the compact set �i, then there exists a sufficiently large observer parameter θ such that system given in (9) and (10)118

admits semi-global asymptotic observer.119

Proof. The observer estimated errors q̃i, ṽi = vi − v̂i, η̃i = ηi − η̂i, and ψ̃i = ψi − ψ̂i are governed by the following differential120

equations:121

˙̃qi = −θθ1q̃i + ṽi

˙̃vi = −θ2θ2q̃i + fi(qi, vi, ηi,ψi) − fi(qi, v̂i, η̂i, ψ̂i)

˙̃ηi = ψ̃i − δiPiṽi,
˙̃ψi = −Ciψ̃i − Kiη̃i +CiδiPiṽi. (16)

To facilitate the stability analysis, we consider the following coordinate transformations: ζ1i = q̃i/θ, ζ2i = ṽi/θ2, ϕ1i =122

η̃i/θ
2, and ϕ2i = ψ̃i/θ

2. Then, the observer error dynamics expressed in the new coordinate is given as follows:123

ζ̇1i = −θθ1ζ1i + θζ2i

ζ̇2i = −θθ2ζ1i +
fi(qi, vi, ηi,ψi) − fi(qi, v̂i, η̂i, ψ̂i)

θ2

ϕ̇1i = ϕ2i − δiPiζ2i

ϕ̇2i = −Ciϕ2i − Kiϕ1i +CiδiPiζ2i. (17)

Let M1i ∈ R6 × 6 and M2i ∈ R2Ni×(2Ni) be124

M1i =
[
−θ1I3 I3
−θ2I3 0

]
, M2i =

[
0 INi

−Ki −Ci

]
. (18)

Because M1i and M2i are Hurwitz matrices, there exist positive definite matrices N1i = NT
1i

and N2i = NT
2i

such that MT
1i
N1i +125

N1iM1i = −I6 and MT
2i
N2i + N2iM2i = −I2Ni

.126

Consider the following Lyapunov function:127

Voi = ζ T
i N1iζi + ϕT

i N2iϕi, (19)

where ζi = col(ζ1i, ζ2i) and ϕi = col(ϕ1i, ϕ2i).128
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The time derivative of Voi along with system (17) is129

V̇oi = −θζ T
i ζi − ϕT

i ϕi + 2ϕT
i N2i

[
−δiPiζ2i
CiδiPiζ2i

]
+ 2ζ T

i N1i

[
0
fi− f̂i
θ2

]
, (20)

where fi = fi(qi, vi, ηi,ψi) and f̂i = fi(qi, v̂i, η̂i, ψ̂i).130

Note that if qi, q̂i, vi, v̂i, ηi, η̂i,ψi, and ψ̂i lie within the compact set �i, then following the similar procedure of the131

proof of Lemma 1, it can be obtained that there exist some positive constants c1i and c2i such that ‖ fi − f̂i‖ ≤ c1i‖ṽi‖ +132

c2i
∥∥(η̃T

i
, ψ̃T

i
)T

∥∥, and thus it follows that133 ∥∥∥∥ fi − f̂i
θ2

∥∥∥∥ ≤ c1i‖ζ2i‖ + c2i‖ϕi‖. (21)

Using the well-known inequality aT b ≤ ‖a‖2/(2ε) + ε‖b‖2/2, where a ∈ Rn, b ∈ Rn, and ε > 0 is some constant, it follows134

that135 ∣∣∣∣2ϕT
i N2i

[
−δiPiζ2i
CiδiPiζ2i

]∣∣∣∣ ≤ 2‖ϕi‖‖N2i‖(‖diag{−δiPi,CiδiPi}‖‖ζ2i‖)

≤ 2‖ϕi‖‖N2i‖(‖diag{−δiPi,CiδiPi}‖‖ζi‖) ≤ 1

4
‖ϕi‖2 + c3i‖ζi‖2 (22)

136
∣∣∣∣2ζ T

i N1i

[
0
fi− f̂i
θ2

]∣∣∣∣ ≤ 2‖ϕi‖‖N1i‖(c1i‖ζ2i‖ + c2i‖ϕi‖)

≤ 2‖ϕi‖‖N1i‖(c1i‖ζi‖ + c2i‖ϕi‖) ≤ 1

4
‖ϕi‖2 + c4i‖ζi‖2, (23)

where c3i and c4i are some positive constants. Then, the time derivative of Voi is upper bounded by137

V̇oi ≤ −(θ − c3i − c4i)ζ
T
i ζi −

1

2
ϕT
i ϕi ≤ −(θ − c3M − c4M)ζ T

i ζi −
1

2
ϕT
i ϕi

= −θ̄ ζ T
i ζi −

1

2
ϕT
i ϕi, (24)

where c3M = max{c3i}, c4M = max{c4i}, and θ̄ = θ − c3M − c4M . If the observer parameter θ is chosen sufficiently large such138

that θ > c3M + c4M, then V̇oi < 0, which implies that the observer errors q̃i, ṽi, η̃i, and ψ̃i semi-globally asymptotically con-139

verge to the origin. �140

Remark 1. From (24), it can be obtained that141

V̇oi ≤ −θ̄ ζ T
i ζi −

1

2
ϕT
i ϕi ≤ − θ̄

λmax(N1i)
ζ T
i N1iζi −

1

2λmax(N2i)
ϕT
i N2iϕi ≤ −miVoi, (25)

where mi = min(θ̄/λmax(N1i),1/[2λmax(N2i)]). Integrating both sides of (25), we obtain that Voi(t) ≤ Voi(0)e−mit , t ≥ 0, which142

implies that the observer errors q̃i, ṽi, η̃i, and ψ̃i exponentially converge to zero as t → ∞.143

Next the effect of external disturbances and parameter perturbations on the performance of the proposed observer is144

analyzed. In this case, we assume that there exist bounded uncertainties acting on the spacecraft, i.e., the attitude dynamics145

is given by146

Jiω̇i + δT
i η̈i = −ω×

i
(Jiωi + δT

i η̇i) + τi + ϑi (26)

where Ji ∈ R3 × 3 is the nominal part of the inertia matrix, and ϑi denotes the lumped uncertainties which include external147

disturbances and the uncertainties caused by parameter perturbations. Then, the dynamic equations for the observer errors148

q̃i, ṽi, η̃i, and ψ̃i are given as follows:149

˙̃qi = −θθ1q̃i + ṽi

˙̃vi = −θ2θ2q̃i + fi(qi, vi, ηi,ψi) − fi(qi, v̂i, η̂i, ψ̂i) + ϑ̄i

˙̃ηi = ψ̃i − δiPiṽi,
˙̃ψi = −Ciψ̃i − Kiη̃i +CiδiPiṽi (27)

where ϑ̄i = giϑi. The result is stated as follows.150

Corollary 1. Consider the observer described by (9) and (10), and assume bounded uncertainties acting on the spacecraft. For151

any given constant � > 0, if qi, q̂i, vi, v̂i, ηi, η̂i,ψi, and ψ̂i lie within the compact set �i, then there exists a sufficiently large152

observer parameter θ such that the observer errors xi = col(ζi, ϕi) asymptotically converge to a small bounded set �i which will153

be defined later.154
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Proof. The analysis procedure is similar to that of the proof of Theorem 1, except for the presence of the uncertain term155

ϑ̄i (i = 1,2, . . . ,n). Considering the Lyapunov function given in (19), and using (24), we have156

V̇oi ≤ −θ̄ ζ T
i ζi −

1

2
ϕT
i ϕi + 2ζ T

i N1i

[
0
ϑ̄i

θ2

]
≤ −(θ̄ − 1)ζ T

i ζi −
1

2
ϕT
i ϕi +

ϑMi

θ4

≤ −ϑ‖xi‖2 + ϑMi

θ4
, (28)

where the inequality aT b ≤ ‖a‖2/(2ε) + ε‖b‖2/2 has been used; ϑMi is some positive constant, and ϑ = min(θ̄ − 1,1/2). If157

the observer parameter θ is chosen sufficiently large such that θ̄ > 1, then V̇oi < 0 as long as158

‖xi‖ >

√
ϑMi√
ϑθ2

(29)

which implies that the observer errors xi will asymptotically converge to the set159

�i =
{
xi

∣∣∣∣∣‖xi‖ ≤
√

ϑMi√
ϑθ2

}
. (30)

�160

Remark 2. From (30), it can be concluded that the size of the set �i is determined by the observer parameter θ ; that is,161

the smaller the observer errors xi, the bigger the observer parameter θ is required.162

3.2. Controller design163

The backstepping technique [10] is applied to design the controller, and the procedure of the controller design is stated164

as follows.165

Step 1: Design of virtual control law for v̂i(i = 1,2, . . . ,n).166

For the following subsystem:167

q̇i = vi = ṽi + v̂i

˙̂ηi = ψ̂i − δiPiv̂i,
˙̂ψi = −Ciψ̂i − Kiη̂i +CiδiPiv̂i (31)

the variable v̂i is considered as a virtual input.168

Consider the following Lyapunov function candidate:169

V1 =
n∑

i=1

Ui, Ui = qT
i
qi

2
+ 1

2
ψ̂T

i ψ̂i + η̂T
i Kiη̂i +

1

2
(ψ̂i +Ciη̂i)

T (ψ̂i +Ciη̂i). (32)

The time derivative of Ui along with system (31) is170

U̇i = −η̂T
i CiKiη̂i − ψ̂T

i Ciψ̂i + (ψ̂TCi − 2η̂T
i Ki)δiPiv̂i + qTi ṽi + qTi v̂i

= −η̂T
i CiKiη̂i − ψ̂T

i Ciψ̂i + βT
i v̂i + βT

i ṽi − β̄T
i ṽi, (33)

where βi = qi + PT
i
δT
i
(Ciψ̂i − 2Kiη̂i) and β̄i = PT

i
δT
i
(Ciψ̂i − 2Kiη̂i).171

Design a virtual control law for v̂i as:172

v̂di = −k1

n∑
j=1

ai j(βi − β j), (34)

where k1 > 0 is a constant.173

The time derivative of V1 is174

V̇1 =
n∑

i=1

(
−η̂T

i CiKiη̂i − ψ̂T
i Ciψ̂i + βT

i v̂i + βT
i ṽi − β̄T

i ṽi

)

=
n∑

i=1

(
−η̂T

i CiKiη̂i − ψ̂T
i Ciψ̂i + βT

i v̂ei + βT
i ṽi − β̄T

i ṽi

)
− k1

n∑
i=1

βT
i

n∑
j=1

ai j(βi − β j), (35)

where v̂ei = v̂i − v̂di. Noting that175

−
n∑

i=1

βT
i

n∑
j=1

ai j(βi − β j) = −1

2

n∑
i=1

n∑
j=1

ai j(βi − β j)
T (βi − β j) (36)

176
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and using the following inequality177

β̄T
i ṽi = ṽT

i β̄i = ṽT
i P

T
i δT

i (Ciψ̂i − 2Kiη̂i) ≤ 1

2
η̂T
i CiKiη̂i +

1

2
ψ̂T

i Ciψ̂i + c5i‖ṽi‖2, (37)

where the inequality aT b ≤ ‖a‖2/(2ε) + ε‖b‖2/2 has been applied, and c5i is a positive constant, it follows from (35) that178

V̇1 ≤
n∑

i=1

(
−1

2
η̂T
i CiKiη̂i −

1

2
ψ̂T

i Ciψ̂i + βT
i v̂ei + βT

i ṽi + c5i‖ṽi‖2
)

− k1
2

n∑
i=1

n∑
j=1

ai j‖βi − β j‖2. (38)

Step 2: Design of the control torque τi(i = 1,2, . . . ,n).179

The governing dynamic equation for the error v̂ei is180

˙̂vei = f̂i + giτi + θ2θ2q̃i − ˙̂vdi, (39)

where ˙̂vdi = −k1
∑n

j=1 ai j(αi − α j) with αi = vi + PT
i
δT
i
(Ci

˙̂ψi − 2Ki ˙̂ηi) + ṖT
i
δT
i
(Ciψ̂i − 2Kiη̂i). Note that Ṗi = −PiṪiPi.181

The control torque τ i is now designed as182

τi = g−1
i

(
−k2v̂ei − f̂i − θ2θ2q̃i − k1

n∑
j=1

ai j(α̂i − α̂ j)

)
, (40)

where k2 > 0 is a constant, α̂i = v̂i + PT
i
δT
i
(Ci

˙̂ψi − 2Ki ˙̂ηi) − (PiT̂iPi)
TδT

i
(Ciψ̂i − 2Kiη̂i), and T̂i = (−qT

i
v̂i + v̂×

i
+ 2qiv̂Ti )/2.183

Note that the measurements of both spacecraft angular velocity and modal variable are unnecessary to implement the184

control torque (40). Furthermore, the control law depends only on the local information rather than the global information,185

and hence, the control law is distributed. The main result of the present work is stated in the following theorem.186

Theorem 2. Consider a group of flexible spacecraft described by (2) and (5). If the undirected graph G is connected, the observer187

is given by (9) and (10), the control torque is defined by (40), and for any positive constant VM, the initial conditions satisfy188

V̄ = V1 +
n∑

i=1

Voi +
n∑

i=1

1

2
v̂T
eiv̂ei ≤ VM, (41)

where Voi and V1 are defined by (19) and (32), respectively, then there exist parameters θ , θ1, θ2, k1 and k2 such that the attitude189

synchronization can be achieved asymptotically.190

Proof. Substituting the control input (40) into (39) results in191

˙̂vei = −k2v̂ei + k1

n∑
j=1

ai j(α̃i − α̃ j), (42)

where α̃i = αi − α̂i = ṽi + (Pi(Ṫi − T̂i)Pi)
T (Ciψ̂i − 2Kiη̂i). Note that Ṫi = (−qT

i
vi + v×

i
+ 2qivTi )/2, and α̃i can be reexpressed as192

α̃i = ṽi +
(
Pi(−qTi ṽi + ṽ×

i
+ 2qiṽT

i )Pi
)T

(Ciψ̂i − 2Kiη̂i)/2. (43)

Consider the following Lyapunov function candidate:193

V = V2 + K

n∑
i=1

Voi, V2 = V1 +
n∑

i=1

1

2
v̂T
eiv̂ei, (44)

where Voi and V1 are defined by (19) and (32), respectively, and K > 0 is a large constant.194

Noticing that the initial qi, η̂i and ψ̂i satisfy the condition (41), and it follows from (43) that ‖α̃i‖ ≤ αMi‖ṽi‖, and conse-195

quently196

v̂T
ei

(
k1

n∑
j=1

ai j(α̃i − α̃ j)

)
≤ ‖v̂ei‖

(
k1aM

n∑
j=1

(αMi‖ṽi‖ + αMj‖ṽ j‖)

)

≤ k2
2

‖v̂ei‖2 + c6i‖ṽi‖2 +
n∑
j=1

c̄6 j‖ṽ j‖2, (45)

where αMi, c6i and c̄6 j are some positive constants, aM = max ai j, i, j ∈ [1,2, . . . ,n], and the inequality ab ≤ a2/(2ε) + εb2/2197

has been used. Using (38), (42) and (45), the time derivative of V2 is198
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Fig. 1. Spacecraft attitude.

V̇2 ≤
n∑

i=1

(
−1

2
η̂T
i CiKiη̂i −

1

2
ψ̂T

i Ciψ̂i + (c5i + c6i)‖ṽi‖2 +
n∑
j=1

c̄6 j‖ṽ j‖2

)

− k2
2

n∑
i=1

‖v̂ei‖2 − k1
2

n∑
i=1

n∑
j=1

ai j‖βi − β j‖2 +
n∑

i=1

(d1i‖ṽi‖ + d2i‖v̂ei‖)

≤ −
n∑

i=1

(
1

2
η̂T
i CiKiη̂i +

1

2
ψ̂T

i Ciψ̂i

)
− k2

2
‖v̂e‖2 − k1

2

n∑
i=1

n∑
j=1

ai j‖βi − β j‖2

+ c7M‖ṽ‖2 + d1M
√
n‖ṽ‖ + d2M

√
n‖v̂e‖, (46)

where c7i = c5i + c6i +
∑n

j=1 nc̄6 j, c7M = max{c7i}, v̂e = col(v̂e1, v̂e2, . . . , v̂en), ṽ = col(ṽ1, ṽ2, . . . , ṽn), d1i and d2i are some pos-199

itive constants, d1M = max{d1i}, d2M = max{d2i}, and the inequalities
∑n

i=1 ‖ṽi‖ ≤ √
n‖ṽ‖ and

∑n
i=1 ‖v̂ei‖ ≤ √

n‖v̂e‖ have200

been used.201
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Fig. 2. Angular velocity (rad/s).

Using (24) and (46) and choosing K > max{c7Mθ4, d1M
√
nθ2}, the time derivative of V is obtained as202

V̇ ≤ −
n∑

i=1

(
1

2
η̂T
i CiKiη̂i +

1

2
ψ̂T

i Ciψ̂i

)
− ‖v̂e‖

(
k2
2

‖v̂e‖ − d2M
√
n

)

− k1
2

n∑
i=1

n∑
j=1

ai j‖βi − β j‖2 − K

2
‖ϕ‖2 − K‖ζ‖((θ̄ − 1)‖ζ‖ − 1), (47)

where ζ = col(ζ1, ζ2, . . . , ζn) and ϕ = col(ϕ1, ϕ2, . . . , ϕn). Let θ̄ > 1, and we obtain that V̇ < 0 if ‖v̂e‖ > 2d2M
√
n/k2 and203

‖ζ‖ > 1/(θ̄ − 1). Thus, we can conclude all signals in the closed-loop system are bounded, and limt → ∞V(t) is also bounded.204

From Theorem 1 and Remark 1, it follows that ṽi(t)(i = 1,2, · · · ,n) converges to zero exponentially as t → ∞. Let V3i be205

V3i = 1

2
v̂T
eiv̂ei (48)
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Fig. 3. Control torque.

and it has the derivative206

V̇3i ≤ −k2
2

‖v̂ei‖2 + c6i‖ṽi‖2 +
n∑
j=1

c̄6 j‖ṽ j‖2 ≤ −k2V3i + m1ie
−m2it , (49)

where m1i and m2i are some positive constants, and the inequality (45) has been used. Let V̂3i(0) = V3i(0) and207

˙̂V3i = −k2V̂3i + m1ie
−m2it . (50)

The analytical solution of the preceding differential equation is given by208

V̂3i(t) = m3ie
−k2t + m4ie

−m2it , (51)

where m3i = V̂3i(0) + m1i/(m2i − k2), and m4i = −m1i/(m2i − k2). By the comparison lemma [11], it follows that V3i(t) ≤209

V̂3i(t) = m3ie
−k2t + m4ie

−m2it . Therefore, v̂ei(t) exponentially converges to zero as t → ∞.210
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Fig. 4. Spacecraft attitude.

Since ṽi(t) and v̂ei(t) exponentially converge to zero as t → ∞, and all signals in the closed-loop system are bounded,211

the time derivative of V1 in (38) becomes212

V̇1 ≤ −
n∑

i=1

(
1

2
η̂T
i CiKiη̂i +

1

2
ψ̂T

i Ciψ̂i

)
− k1

2

n∑
i=1

n∑
j=1

ai j‖βi − β j‖2 +
n∑

i=1

(βT
i v̂ei + βT

i ṽi + c5i‖ṽi‖2)

≤ −
n∑

i=1

(
1

2
η̂T
i CiKiη̂i +

1

2
ψ̂T

i Ciψ̂i

)
− k1

2

n∑
i=1

n∑
j=1

ai j‖βi − β j‖2 + m5ie
−m6it , (52)

where m5i and m6i are some positive constants. Integration of (52) from t = 0 to ∞ results in213

∫ ∞

t=0

n∑
i=1

1

2

(
η̂T
i CiKiη̂i + ψ̂T

i Ciψ̂i

)
dt + k1

2

∫ ∞

t=0

n∑
i=1

n∑
j=1

ai j‖βi − β j‖2dt

≤ V1(0) −V1(∞) + m5i

m6i

< ∞ (53)

which indicates that η̂i ∈ L2, ψ̂i ∈ L2, and for any ai j > 0, βi − β j ∈ L2. Since all signals in the closed-loop system are bounded,214

we have η̂i ∈ L∞, ψ̂i ∈ L∞, ˙̂ηi ∈ L∞,
˙̂ψi ∈ L∞, and for any aij > 0, βi − β j ∈ L∞ and β̇i − β̇ j ∈ L∞. Using Barbalat’s lemma [16],215

we obtain that limt→∞ η̂i(t) = 0, limt→∞ ψ̂i(t) = 0, and limt→∞(βi − β j)(t) = 0 for any aij > 0. Since the graph G is con-216

nected, there exists a path between any two distinct spacecraft. Thus, βi − β j → 0 as t → ∞, for all i �= j, i, j ∈ [1,2, . . . ,n].217

By the definition of β i, it follows that qi − q j → 0 as t → ∞, for all i �= j, i, j ∈ [1,2, . . .,n]. This means that the attitude218

synchronization is achieved asymptotically. �219

Remark 3. The velocity-free attitude coordination control for a group of rigid spacecraft has been studied in [1,12,15,27].220

It is worthy of mentioning that the control schemes presented in these works cannot be applied for a group of flexible221
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Fig. 5. Angular velocity (rad/s).

spacecraft because of the effect of the flexible dynamics. Hence, it is highly desirable to design a new control law for222

attitude coordination control of a group of flexible spacecraft.223

Remark 4. In [7], a quaternion-based distributed attitude coordination control law was proposed for a group of flexible224

spacecraft with the requirement of angular velocity measurements. However, it is only shown that the vector part of the225

quaternion of each spacecraft in the group can achieve synchronization, and it is not clear whether the true attitude syn-226

chronization can be achieved.227

4. Simulation results228

In this section, numerical simulations of the nonlinear equations of motion (2) and (7) together with the nonlinear229

observer (9) and (10) are presented to verify the effectiveness of the proposed controller (40). In the simulation, we230

consider a scenario where there are four flexible spacecraft. The model parameters are chosen as the same as those in231

[7]. The weights of the undirected matrix are a12 = a21 = a23 = a32 = a34 = a43 = a41 = a14 = 0.4, and ai j = 0 for other ele-232

ments. The limit on the control torque is 15 Nm. The controller and observer parameters are set as k1 = 0.5, k2 = 15, θ =233

5, θ1 = 2 and θ2 = 5. The initial conditions are q1(0) = [0.5,1, −2.5]T , q2(0) = [−2,−1.2,2]T , q3(0) = [−1,−3,0.8]T , q4(0) =234

[1.5,3,−0.5]T ,ω1(0) = [0.4,−0.1,0.5]T , ω2(0) = [0.2,−0.4,0.1]T ,ω3(0) = [−0.5,0.1,0.6]T and ω4(0) = 0. With the control235

law defined by (40), the attitudes and angular velocities of all four spacecraft are shown in Figs. 1 and 2, respectively. It236

is observed that the attitudes of all spacecraft can reach the same attitude simultaneously. The bounded control torque is237

depicted in Fig. 3.238

Next, we examine the effect of parameter uncertainties on the performance of the controller. For this case, we assume239

the inertia matrix Ji = J0i + �Ji, where J0i is the nominal value of the inertia matrix and �Ji = 0.1J0i is the parameter pertur-240

bation of the inertia matrix. The nominal value of the inertia matrix is chosen as the same as the inertia matrix in [7]. The241

responses of spacecraft attitude and angular velocity are shown in Figs. 4 and 5. It is found that the attitude synchronization242

can be still achieved even in the presence of parameter uncertainties.243
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5. Conclusions244

Based on a nonlinear observer, and the backstepping method, a distributed attitude synchronization control law was245

proposed for a group of flexible spacecraft without requiring the measurements of both the spacecraft angular velocities246

and modal variables. The performance of the proposed controller was evaluated through numerical simulations of the gov-247

erning nonlinear system equations of motion. It was shown that the proposed controller can guarantee the attitudes of all248

spacecraft asymptotically converging to the same attitude. It is important to point out that by removing the requirement of249

both modal variables and spacecraft angular velocity measurements in the proposed control scheme, the cost related to the250

onboard sensors can be reduced. In the present paper, we assume that the communication graph among spacecraft is fixed251

and undirected. But the case where the communication graph is time varying may occur in practical applications. In future252

work, it will be interesting to investigate the problem of attitude coordination control for a group of flexible spacecraft253

under time-varying and directed communication graph.254
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