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The aim of this paper is the analysis of simultaneous attitude control and

momentum-wheel management of a spacecraft by means of magnetic actuators only. A

proof of almost global asymptotic stability is derived for control laws that drive a rigid

satellite toward attitude stabilization in the orbit frame, when the momentum-wheel is

aligned with one of the principal axes of inertia. Performance of the proposed control

laws is demonstrated by numerical simulations under actuator saturation. Robustness

to external disturbances and model uncertainties is also evaluated.
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FI Inertial frame

FO Local-vertical/local-horizontal orbit frame

h = (0, h, 0)T Angular momentum of the wheel relative to FB , N m s

i Orbit inclination, deg

I3 3× 3 identity matrix

g Torque on the momentum-wheel, N m

J Spacecraft inertia matrix, kg m2

Jw Moment of inertia of the momentum-wheel, kg m2

k, kε, kζ , λ Control gains, s−1, s−1, s−1, rad−1 s−1

l1, l2, l3 Spacecraft dimensions, m

M = (M1,M2,M3)T External torque acting on the spacecraft, N m

m = (m1,m2,m3)T Magnetic dipole moment vector, A m2

n Orbit rate, rad s−1

ô1, ô2, ô3 Orbital axes

rc Orbit radius, km

T Orbit period, s

TBI Coordinate transformation matrix between FI and FB

TBO Coordinate transformation matrix between FO and FB

V = (V, 0, 0)T Translational velocity along the orbit, m s−1

0m×n m× n zero matrix

Greek symbols

ε = (ε1, ε2, ε3)T Body angular momentum error, N m s

Ω Wheel spin rate relative to the spacecraft, rad s−1

ω = (ω1, ω2, ω3)T Spacecraft angular velocity vector relative to FI , rad s−1

ωr = (ωr1, ω
r
2, ω

r
3)T Spacecraft angular velocity vector relative to FO, rad s−1

ψ, φ, θ 3-1-2 Euler angle sequence, rad

ρ Air density, kg m−3

σ̂ = TBO (0, 1, 0)T Unit vector along the orbit normal
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ζ = (ζ1, ζ2, ζ3)T Inertial angular momentum error, N m s

Subscripts

0 Initial condition at time t0

d Desired value

I Vector components in the inertial frame FI

max Maximum

min Minimum

O Vector components in the orbit frame FO

I. Introduction

In this paper, the control of a spacecraft using both magnetic and mechanical actuation is

considered. A proof of almost global asymptotic stability is derived for control laws that drive a

rigid satellite toward attitude stabilization in the orbit frame.

Modern small-scale spacecraft are often provided with magnetorquers (MTs) and some kind of

mechanical actuators (e.g., reaction and/or momentum-wheels). The former are generally used for

detumbling purpose after the release of the spacecraft from the launch vehicle [1] and for momentum

dumping of reaction-wheels during desaturation maneuvers [2]. The latter are used for �ne pointing

control and attitude stabilization in the presence of external disturbance torques. This is the case of

the European Student Earth Orbiter (ESEO), a micro-satellite mission to Low Earth Orbit (LEO)

that is being developed, integrated, and tested by European university students as an ESA Education

O�ce project [3]. In this platform, three-axis pointing with respect to the orbit frame is required

for Earth observation and the attitude control system is equipped with a set of magnetorquers and

one pitch momentum-wheel (MW) performing the control logic described in this paper.

As a matter of fact, magnetic and mechanical devices are seldom used simultaneously. The

combined use of the two actuation systems would actually lead to power saving and less stringent

requirements on the wheel control torques. In Refs. [4, 5], inertial pointing of a spacecraft using mag-

netic actuation only was considered. Owing to the time-varying nature of the system, bounds on the

choice of the proportional-derivative gains resulted, which in turn lead to closed-loop performance
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limitations. Stability (and proof thereof) was based on averaging theory, which physically trans-

lates to the system possessing certain dynamic properties on average. Attitude control of spacecraft

using two actuation systems was considered in [6], where the magnetic command law proposed in

[5] was used in concert with the control action of a set of reaction-wheels, thus mitigating the above

limitations. In [7] attitude control a hybrid controller based on MTs and thrusters was proposed,

with a linear time-periodic approach and the analysis of actuator saturation. A geometric scheme

was proposed in [8], where the desired control vector was decomposed in terms of orthogonal and

parallel components with respect to the direction of the local geomagnetic �eld vector. The orthog-

onal component was actuated by MTs, whereas the parallel component was generated by a set of

one, two, or three wheels.

In a recent paper [9], three of the authors of the present work proposed a control law that leads

a spacecraft to acquire a desired pure spin condition around one of the principal axes of inertia by

means of magnetic actuators only, while aiming the spin axis toward a prescribed direction in the

inertial space. A similar approach is used in this framework, where the error dynamics equation is

�rst derived for two error signals, namely the angular momentum error in the body frame and the

angular momentum error with respect to the desired direction of the wheel spin axis in the inertial

frame. The error dynamics is then recast in the classical form of a nominal system perturbed by

a vanishing perturbation term. After proving global exponential stability for the nominal system

controlled by MTs, the result discussed in [9] is here extended to the perturbed one. As a further

contribution, full three-axis attitude stabilization is obtained (rather than simple spin-axis pointing)

by means of a proper choice of the wheel control law governing the pitch angle dynamics. A similar

approach was described in [10], where attitude stabilization was performed by means of a set of

three MWs and three MTs, while the angular momenta of the MWs were driven to given reference

values. In that case, the mechanical system provided attitude stabilization with respect to the

inertial frame, letting the rank-de�cient magnetic torque be only used for momentum dumping of

the wheel set. Magnetic controllability was discussed and assumptions were made on the magnetic

�eld vector, supposed to be capable of persistently spanning all of the 3-D space over one orbit.

Finally, the proposed control scheme was proven to lead to a real cascade system where attitude
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dynamics is completely independent of momentum dumping.

The derivation by means of nonlinear control techniques of a hybrid control system relying on

a combination of a single mechanical actuator with magnetic torquers thus represents the major

contribution of the present work, where complete attitude stabilization over an inclined orbit is

obtained in those cases when angular rate and attitude measurements are available. In what follows,

system dynamics and attitude parametrization are described in Section II. The proposed control

laws and the closed-loop stability analysis are discussed in Section III, where the cascade structure

of the overall system is pointed out. Numerical simulations in Section IV support the �ndings in a

realistic scenario, featuring the most relevant disturbance torques in LEO. Concluding remarks end

the paper.

II. System Dynamics

A. Angular Momentum Balance

A sketch of the spacecraft, featuring one MW and three mutually orthogonal MTs is represented

in Fig. 1. The spacecraft is assumed to be rigid. The evolution of angular velocity components

is derived from the angular momentum balance equation projected onto a frame of body axes,

FB = {P ; ê1, ê2, ê3}, centered in the spacecraft center of mass P :

Jω̇ + ḣ+ ω × (Jω + h) = M (c) +M (d) (1)

where ω = (ω1, ω2, ω3)T is the absolute angular velocity vector of the spacecraft, J is the spacecraft

inertia matrix, and h is the angular momentum of the wheel relative to FB . In the proof of closed-

loop stability of the control law, it will be initially assumed that J ≡ J∗ = diag(J1, J2, J3), that

is, ê1, ê2, and ê3 are principal axes of inertia, and J2 6= J1, J3. The presence of o�-diagonal terms

in J and uncertainties on the elements of J will be dealt within the Results section, in order to

assess control law robustness. In the most general case, the MW relative angular momentum is

h = JwΩ â, where Jw is the moment of inertia of the wheel about its spin axis â, and Ω is the wheel

spin rate with respect to the spacecraft. Letting h = JwΩ, one obtains

ḣ = g − Jw ω̇T â (2)
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where g is the torque applied to the wheel about its spin axis by its electric motor. Assuming

that â ≡ ê2 (that is, the wheel spins around an axis parallel to the spacecraft pitch axis) leads to

h = (0, h, 0)T , and Eq. (2) reduces to the scalar equation:

ḣ = g − Jwω̇2 (3)

In the ideal case when the wheel assembly is not a�ected by friction, g represents the control input.

Alternatively, it is possible to take ḣ directly to be the control input for the pitch control law

design. This is often done in practice, removing any argument over whether or not friction needs to

be accounted for.

xO

xB

yO

yB

zO

zB

ψ

θ

ψ

φ

θ
φ

Figure 1 Sketch of the spacecraft (with de�nition of the attitude variables).

No external disturbanceM (d) is considered in the stability analysis, so that the external torque

acting on the spacecraft coincides with the magnetic control torque, namely M (c) = m× b, where

m is the magnetic dipole moment vector generated by the MTs and b = TBO bO is the local

geomagnetic �eld vector expressed in terms of body-frame components. A circular LEO of radius

rc, period T , and orbit rate n = 2π/T is considered. The components bO of the geomagnetic �eld

are provided in the local-vertical/local-horizontal orbit frame, FO, by means of the International

Geomagnetic Reference Field (IGRF) model [11, 12], provided the zO-axis lies along the local vertical
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pointing upwards, the yO-axis is normal to the orbit plane, in the direction of the orbital angular

speed ωorb, and the transverse axis xO completes a right-handed triad. For a circular orbit, xO is

parallel to the direction of the orbital velocity.

B. Attitude Kinematics

The attitude of the spacecraft with respect to FO is described by means of an unconventional

3-1-2 Euler angle sequence, where the �yaw� angle ψ around the local vertical zO is given by the

angular distance between the yO-axis and the projection of yB on the orbit plane, whereas the �roll�

angle φ is represented by the elevation of yB with respect to the orbit plane. The sequence of

elementary rotations is completed by a �pitch� rotation θ around the unit vector ê2, parallel to yB ,

as represented in Fig. 1. The coordinate transformation matrix between FO and FB , parametrized

by means of the 3-1-2 Euler sequence is:

TBO =


cψcθ − sφsψsθ cθsψ + cψsφsθ −cφsθ

−cφsψ cφcψ sφ

cψsθ + cθsφsψ sψsθ − cψcθsφ cφcθ

 (4)

where c(·) = cos(·) and s(·) = sin(·). Euler angles evolve as a function of the angular speed of the

spacecraft relative to FO, given by ωr = ω−TBO ωorbO , where ωorbO = (0, n, 0)T is the angular speed

of FO with respect to an inertial frame FI , with components expressed in FO [13]. The kinematics

of yaw, roll, and pitch angles can be written as a function of the angular speed of the spacecraft

relative to FO, namely

ωr1 = φ̇ cos θ − ψ̇ cosφ sin θ (5)

ωr2 = θ̇ + ψ̇ sinφ (6)

ωr3 = φ̇ sin θ + ψ̇ cosφ cos θ (7)

or in terms of the absolute angular velocity vector of the spacecraft, ω = ωr + nTBOô2:

ω1 = φ̇ cos θ − ψ̇ cosφ sin θ + n (cos θ sinψ + sinφ sin θ cosψ) (8)

ω2 = θ̇ + ψ̇ sinφ+ n cosφ cosψ (9)

ω3 = φ̇ sin θ + ψ̇ cosφ cos θ + n (sin θ sinψ − sinφ cos θ cosψ) (10)
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In the latter case, the kinematics of Euler angles in Eqs. (8), (9), and (10) is conveniently rearranged

as follows:

ψ̇ = (−ω1 sin θ + ω3 cos θ + n sinφ cosψ) / cosφ (11)

φ̇ = ω1 cos θ + ω3 sin θ − n sinψ (12)

θ̇ = ω2 + (ω1 sinφ sin θ − ω3 sinφ cos θ − n cosψ) / cosφ (13)

The use of Euler angles requires some attention, since singular con�gurations always occur when

attitude is represented by means of a sequence of three elementary rotations. In the present case,

when the second rotation φ is equal to ±90 deg, the pitch axis coincides with the local vertical, and

the �rst and third rotations are performed around the same axis. On the other hand, this situation

is unlikely to be encountered in practice, for the rotation sequence here adopted. In fact, after a

spacecraft is injected into its orbit, an initial detumbling maneuver is performed in order to dump

the angular momentum accumulated during payload ejection. During this phase, when the attitude

information is not yet available because of the high rotation rates, the spacecraft is typically driven

toward a pure spin condition by means of a B-dot like control law [14], such that the spin axis

gets su�ciently close to the normal to the orbit plane and small values of the angles ψ and φ are

expected [15]. This means that φ = ±90 deg is an unlikely situation and the applicability of the

control law described in this paper is not at stake.

Conversely, when a residual pitch rate is expected, both the classical yaw-pitch-roll (3-2-1) and

precession-nutation-spin (3-1-3) sequences will approach singular con�gurations during the satellite

motion, thus harming practical applicability of the control law and possibly hindering the search

for closed-loop stability proofs. This motivates the choice of this unusual Euler angle sequence in

the description of spacecraft attitude kinematics.

C. External Disturbances

In order to assess robustness of the control laws proposed in the next Section, the three most

relevant sources of external disturbance torque in LEO are included in the model used for the

simulations discussed in the Results section, namely gravity gradient, aerodynamic, and residual

magnetic torques [11].
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For a circular orbit, gravity gradient torque is given by

M (gg) = 3n2 [ô3 × (Jô3)] (14)

where ô3 is the unit vector parallel to the local vertical.

The interaction of the upper atmosphere molecules with the external surface of the satellite

introduces an aerodynamic torque. Following the derivation discussed in some detail in [16] and

summarized in [11], it is possible to assume that the incident air particles lose their entire energy

on collision. The force dfa on a surface element dA, with outward normal n̂, is thus given by

dfa = −1

2
ρV 2CD (n̂ · v̂) v̂dA (15)

where v̂ = V /||V || is the unit vector in the direction of the translational velocity, V , of the surface

element relative to the incident stream, ρ is the density of the rare�ed air at the considered orbit

altitude, and CD is a drag coe�cient. The aerodynamic torque M (a) acting on the spacecraft due

to the force dfa is

M (a) =

∫
rs × dfa (16)

where rs is the vector from the spacecraft center of mass to the surface element dA and the integral is

evaluated over the spacecraft surface for which n̂ · v̂ > 0. When the surface area can be decomposed

into simple �at geometric shapes (as in the case of the six faces of a parallelepiped satellite), the

overall torque can be calculated as the vector sum of the individual torques given by the cross product

of the vector joining the spacecraft center of mass to the center of pressure of each geometric shape

times the force acting on the component.

The residual magnetic torqueM (rm) is produced by the overall dipole momentmrm generated

by on-board electrical systems and circuits. When magnetic coils are active, the residual dipole

moment is relatively negligible, but when they are switched o�, it produces a signi�cant contribution

to the disturbance torque:

M (rm) = mrm × b (17)
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III. Attitude Stabilization

In what follows, simultaneous attitude control and momentum-wheel management of a space-

craft using magnetic actuation is examined. Control laws are proposed and asymptotic convergence

is proven, when the variation of Earth magnetic �eld in the orbit frame is taken into account.

A. Control Laws

Let σ̂ = TBO (0, 1, 0)T be the unit vector parallel to the direction of the yO-axis, �xed in both

the orbit and inertial frames, and Ωd be the desired spin rate of the wheel with respect to the

spacecraft. Two desired angular momentum vectors, hd and Hd, are de�ned in the body-�xed

and in the inertial frames, respectively. Letting hd = Jw Ωd + J2 n, the �rst one is de�ned as

hd = (0, hd, 0)T , which is used to enforce that the angular momentum vector becomes parallel to

the pitch axis. The second one is given by Hd = hdσ̂, which requires that the angular momentum

points in the desired inertially-�xed direction parallel to the orbit normal. Two di�erent angular

momentum error variables are thus introduced, namely

ζ = Hd − h− J ω (18)

and

ε = hd − h− J ω (19)

where all the vector quantities, includingHd, are expressed in terms of body frame components [9].

Finally, let b̂ = b/||b|| be the unit vector parallel to the local geomagnetic �eld.

The scope of this section is to prove that, on an inclined LEO, the combined use of a simple

linear control law for the magnetorquers and a PD-like command law for a mechanical actuator

represented by a momentum-bias wheel parallel to the pitch axis, stabilize spacecraft attitude in the

orbit frame, while driving the wheel spin rate to the desired value, Ωd. The control laws are given

by

M (c) =
(
I3 − b̂ b̂

T
)

(kζ ζ + kε ε) (20)

with kζ > 0 and kε > 0, for the MT, and

ḣ = J2

[
λ θ̇ + k (λ θ − n+ ω2)

]
(21)
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with λ > 0 and k > 0, for the MW. When represented in terms of body-frame components, the

dynamics of the desired angular momentum vector, Hd, is given by

Ḣd = −ω ×Hd (22)

From the de�nition of the error in Eq. (18) and taking into account the control law in Eq. (20), one

has

ζ̇ = −
(
I3 − b̂ b̂

T
)

(kζ ζ + kε ε)− ω × ζ (23)

At the same time, hd is a constant vector in body axes. Thus the body frame angular momentum

error dynamics achieves the form:

ε̇ = −
(
I3 − b̂ b̂

T
)

(kζ ζ + kε ε) + ω × (hd − ε) (24)

B. Momentum Management

Let the inverse of the inertia matrix, J−1, be considered as the sum of two contributions, the

�rst being related to an axisymmetric con�guration, J−1a = diag(1/J̄, 1/J?, 1/J̄), where J̄ , J? ∈

R+ and J̄ 6= J?, the second being a perturbation term such that J−1 = J−1a + ∆, provided

∆ = diag(δ1, δ2, δ3), δ1 , δ2 , δ3 ∈ R. Without loss of generality, one can assign J? = J2 and J̄ =

(J1 +J3)/2. In this case, one has δ2 = 0, δ1 = σ/J1 and δ3 = −σ/J3, where σ = (J3−J1)/(J1 +J3).

Taking into account the considerations above and conveniently rewriting the error dynamics in

Eqs. (23) and (24) in terms of inertial components, it follows that

Ż = −
[
T TBI

(
I3 − b̂ b̂

T
)
TBI

]
(kζ Z + kεE) (25)

Ė = −
[
T TBI

(
I3 − b̂ b̂

T
)
TBI

]
(kζ Z + kεE)− T TBI

{[(
J−1a + ∆

)
TBIE

]
× hd

}
(26)

where TBI is the coordinate transformation matrix between FI and FB , Z = T TBIζ, and E = T TBIε.

Given Y =
(
ZT ,ET

)T
, Y ∈ R6, the system in Eqs. (25) and (26) achieves the form

Ẏ = −A(t)KY −B (t,Y )−C (t,Y ) (27)

where

A(t) =

 T TBI

(
I3 − b̂ b̂

T
)
TBI T

T
BI

(
I3 − b̂ b̂

T
)
TBI

T TBI

(
I3 − b̂ b̂

T
)
TBI T

T
BI

(
I3 − b̂ b̂

T
)
TBI

 ∈ R6×6 (28)
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is a time-dependent matrix,

K =

 kζI3 03×3

03×3 kεI3

 ∈ R6×6 (29)

is a gain matrix, and

B (t,Y ) =

 03×1

T TBI
[(
J−1a TBIE

)
× hd

]
 , C (t,Y ) =

 03×1

T TBI [(∆TBIE)× hd]

 (30)

are gyroscopic coupling terms.

Equation (27) matches the classical formulation of a perturbed system Ẏ = f(t,Y ) + g(t,Y )

where f(t,Y ) = −A(t)KY −B (t,Y ) governs the nominal system and g(t,Y ) = −C (t,Y ) is a

vanishing perturbation term, g(t,0) = 0. Global exponential stability is addressed by the following

Lemma.

Lemma 1 Consider the nonlinear perturbed time-varying system de�ned by Eqs. (27)-(30) and let

γ̄ = |hd| δmax, where δmax = max {|δ1|, |δ2|, |δ3|}. If γ̄ is su�ciently small, then the origin Y = 0 is

globally exponentially stable.

Proof: See Appendix. �

Remark 1: According to the factorization chosen for the gyroscopic coupling terms in Eq. (30),

one has

δmax =
|J1 − J3|

min {J1, J3} (J1 + J3)
. (31)

The bound on γ̄ thus translates into a requirement on the maximum magnitude of the desired wheel

spin rate, actually relaxed when the moments of inertia about the transverse axes are su�ciently

close to each other (thus approaching the case when the satellite has axisymmetric inertia proper-

ties). This is a likely scenario for many practical applications dealing with small-scale spacecraft,

where almost cubic or cylindrical oblate con�gurations are typically employed. Unfortunately, it

is not always possible to quantitatively evaluate a bound for γ̄, in which case robustness is proven

only at a qualitative level. Even though a bound on γ̄ represents an additional piece of information,

one should not overemphasize its relevance, as it may result into conservative estimates for the

perturbation g(t,Y ) = −C (t,Y ), if obtained from the analysis of a worst case scenario.
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Remark 2: Note that if the satellite possesses exactly an axisymmetric matrix of inertia with

respect to the pitch axis, then C (t,Y ) = 0 and γ̄ = 0. In this particular case, global exponential

stability is inferred by the �rst part of the Proof of Lemma 1 in the Appendix.

Remark 3: The system dynamics described by Eq. (27) cannot be addressed without taking into

account the attitude of the spacecraft, a�ecting B(t,Y ) and C(t,Y ) through the matrix TBI .

Nonetheless, such consideration does not hold for the proof of stability discussed in the Appendix.

In fact, the presence of the attitude matrix only a�ects the evolution in time of the terms B(t,Y )

and C(t,Y ), in�uencing the rate of convergence toward the equilibrium, without any consequence

on the asymptotic behavior of the closed-loop system.

Lemma 1 demonstrates that the dynamics introduced in Eqs. (25) and (26) drives the error

variables E and Z asymptotically to zero. This stability property is invariant with respect to

the frame in which vectors are expressed. In other words, ζ and ε also approach null vectors

asymptotically. Consequently, by Eq. (20), also M (c)(t) → 0 as t → ∞. From Eq. (23), the

components of ε are given by

ε =


0

hd

0

−


0

h

0

−

J1ω1

J2ω2

J3ω3

 (32)

such that, when ε→ 0, then

ω1, ω3 → 0, h+ J2ω2 → hd (33)

Provided Hd = hdσ̂, where σ̂ = TBO (0, 1, 0)T , and taking into account the formulation of the

attitude matrix in Eq. (4), it is

Hd = hd


cos θ sinψ + sinφ sin θ cosψ

cosφ cosψ

sin θ sinψ − sinφ cos θ cosψ

 (34)
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Since also ζ → 0, then

hd (cos θ sinψ + sinφ sin θ cosψ)− J1ω1 → 0 (35)

hd cosφ cosψ − (h+ J2ω2)→ 0 (36)

hd (sin θ sinψ − sinφ cos θ cosψ)− J3ω3 → 0 (37)

Furthermore, by considering the limits in Eq. (33), one obtains:

cos θ sinψ + sinφ sin θ cosψ → 0 (38)

cosφ cosψ → 1 (39)

sin θ sinψ − sinφ cos θ cosψ → 0 (40)

It follows from Eq. (39) that cosφ→ ±1 and cosψ → ±1 and thus limt→+∞ cosφ = limt→+∞ cosψ,

with the limits having the same sign. Also sinφ, sinψ → 0, which is possible only if the pitch axis

becomes aligned, as required, with the direction σ̂, normal to the orbit plane.

C. Control of the Pitch Angle

The equation governing the dynamics of the spacecraft around the pitch axis is derived from

Eq. (1), namely

J2 ω̇2 + (J1 − J3)ω1ω3 = −ḣ+M
(c)
2 (41)

Taking ḣ as the control input de�ned in Eq. (21) and introducing the error on the body frame pitch

angular rate, ξ = n− ω2, Eq. (41) becomes:

˙̃
ξ + k ξ̃ = d (42)

where ξ̃ = λ θ − ξ is a �ltered pitch error and d =
[
− (J1 − J3)ω1ω3 +M

(c)
2

]
/J2 represents a

disturbance term.

Since Lemma 1 guarantees the exponential stability of the origin Y = 0 of the system in

Eqs. (27)-(30), there exists a time instant t̄ ≥ t0 such that all the quantities |ω1|, |ω3|, |sinψ|, and

|sinφ| become smaller than a prescribed threshold for all t ≥ t̄. Thus, the system in Eq. (42) with

k > 0 is an asymptotically stable linear time-invariant system driven by an asymptotically vanishing
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disturbance d and it is possible to conclude that ξ̃ → 0 as t→∞. From the de�nition of the �ltered

error, ξ̃, and by considering Eq. (9), it is:

ξ̃ = λ θ − n+ θ̇ + ψ̇ sinφ+ n cosφ cosψ → 0 (43)

for t→∞. Since ψ̇, sinφ→ 0 and cosφ cosψ → 1, it follows that

θ̇ + λ θ → 0 (44)

Let

θ̇ + λ θ = r̄ (45)

By Eq. (44), r̄ → 0. Since Eq. (45) is an asymptotically stable linear time-invariant system driven

by an asymptotically vanishing disturbance r̄ → 0, it can be �nally concluded that θ̇, θ → 0.

Note that if ξ̃ → 0 and θ → 0 also ξ = n − ω2 → 0 as t → ∞. In other words, the spacecraft

is driven to perfect alignment with the orbit frame and rotates about the pitch axis with n angular

rate with respect to the inertial frame. From Eq. (33) it thus follows that the remaining angular

momentum stored in the spacecraft is obtained by the spinning of the MW with respect to the body

frame with the desired rate Ωd.

Remark 4: As previously mentioned, the 3-1-2 Euler sequence determines a singularity at φ =

±90 deg in Eqs. (11) and (13). For practical control implementation purposes, a discussion was

already presented in Section II.B. From a mathematical standpoint, this implies that the pitch

angle stabilization proof holds almost globally.

IV. Results and Discussion

The control laws proposed in Section III.A for the attitude stabilization of a spacecraft and

the acquisition of a desired spin rate on the MW are applied to a LEO micro-satellite, equipped

with three mutually orthogonal MTs. Table 1 shows relevant spacecraft data and orbit parameters,

together with initial conditions for a sample maneuver.

A nonlinear model for spacecraft attitude dynamics is used in the simulations, where numerical

propagation of Euler parameters is performed [13]. No friction is considered for the wheel assembly,
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Table 1 Spacecraft and orbit data, with initial conditions for a sample maneuver.

Parameter Symbol Value Units

Spacecraft data

Principal moments of inertia J1, J2, J3 2.023, 2.060, 0.865 kg m2

Wheel moment of inertia Jw 4.20 × 10−4 kg m2

Maximum magnetic dipole mmax 3.5 A m2

Maximum wheel torque gmax 0.01 N m

Orbit data

Radius rc 6 905 km

Period T 5710 s

Inclination i 97 deg

Sample maneuver

Initial Conditions
ω0 (0, 0.1761, 0)T rad/s

ψ0, φ0, θ0 18.2, 21.8,−14.2 deg

so that g is the control input for the pitch control law. The initial phase during which the satellite

is magnetically detumbled after injection into its orbit is not analyzed here, as it is not relevant in

the framework of the present study. It is assumed that, after the initial detumbling phase [14, 15],

the spacecraft lies in a pure spin condition about its pitch axis with a total angular momentum

||J ω0 + h0|| = 1.2hd, 20% larger than the desired one, hd = J2 n+ Jw Ωd = 0.3023 Nms, provided

Jw Ωd = 0.3 Nms. The wheel is at rest relative to the body axes at time t0, namely h0 = 0 Nms.

The initial direction of the pitch axis is tilted 30 deg away from the orbit normal. During the

controlled maneuver, the excess of angular momentum is expected to be dissipated by MTs and, at

the same time, the residual angular momentum is distributed between the spacecraft and the wheel,

the latter term increasing to its desired value of 0.3 Nms. The gains for the magnetic control law

are selected as [9] kζ = kε = 0.004 s−1, whereas the gains for the wheel control law are k = 0.1 s−1

and λ = 0.1 rad−1s−1.

In the �rst simulation (Case 1), no external disturbance is applied to the spacecraft and it is

assumed that spacecraft body frame is a principal-axis frame, that is, J = J∗ is a diagonal matrix.
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Figure 2 Spacecraft and wheel angular momenta (Case 1).

Time histories of angular momenta are reported in Fig. 2, where J ω converges to the desired

value, J ωorb, while pitch-axis pointing is performed along the orbit normal, with the �yaw� and

�roll� angles, ψ and φ (that is, azimuth and elevation of the pitch axis with respect to the orbit

plane, respectively), approaching zero (Fig. 3). Figure 4 shows that the MTs initially saturate when

the errors are large. At the same time, pitch control torque distributes the angular momentum

between spacecraft and MW, driving the body frame to three-axis stabilization with respect to

the orbit frame and the wheel to the desired spin condition with respect to the spacecraft, namely

h→ Jw Ωd in about 1 orbit. In particular, the pitch angle θ rapidly converges to zero as predicted

by Eq. (45), where disturbance r̄, signi�cantly a�ecting only the very initial portion of the maneuver

(approximately 0.01 orbits), vanishes as t→∞.

In the second test case (Case 2), starting from the same initial conditions, gravity gradient,

aerodynamic, and residual magnetic torques are included in the model in order to test robustness of

the closed-loop system with respect to external disturbances. In particular, the aerodynamic torque
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described by Eqs. (15) and (16) is characterized by the air density ρ = 6.39 ·10−13 kg/m3 at the con-

sidered orbit altitude and a drag coe�cient CD =2.2 is assumed for a parallelepiped micro-satellite

with dimensions 0.3 × 0.3 × 0.6 m. A residual magnetic dipole mrm = (0.1, 0.1, 0.1)T Am2 a�ects

spacecraft actuation performance. Zero-mean Gaussian white noise is added to each Euler angle and

angular velocity measurement, with standard deviation 1.07 deg and 0.01 deg/s, respectively, for

simulating the e�ects of sensor noise. Analogous modeling is performed for magnetometer measure-

ment noise on each axis, with standard deviation equal to 3 nT. The generated control signals are

�nally sampled at a frequency of 1 Hz and are compatible with the current technology of commercial

MTs [3].

To further demonstrate robustness also in the presence of o�-diagonal terms in the spacecraft

inertia matrix, the spacecraft principal axes are o�set from the spacecraft body axes and principal

moments of inertia are varied with respect to their nominal values used for J∗. This simulates both

misalignment of sensor and control axes with respect to their nominal direction and uncertainties

on the knowledge of mass distribution for the spacecraft. A perturbed inertia matrix J is thus

considered in Case 2, where

J =


1.9384 0.0134 −0.0016

0.0134 2.0861 −0.0286

−0.0016 −0.0286 0.8939


The corresponding principal moments of inertia are given by J∗P = diag(1.9372, 2.0880, 0.8932).

Figures 5, 6, and 7 show the results of the second simulation (Case 2), where time histories

of both angular momenta of the spacecraft and attitude variables are similar to those obtained for

Case 1 in the �rst phase of the maneuver, when momentum management takes place. In steady

state conditions, the error variables remain bounded in the presence of non-modeled disturbances.

The enlargements in Fig. 6 shows the oscillation on attitude angles, which remain bounded

within a few tenths of a degree. Precision on pitch angle proved to be the most critical aspect,

at least for the considered set of perturbations, pitch error reaching peak values higher than 0.5

deg. Nonetheless, Euler angles and angular rates of the spacecraft with respect to the orbit frame

oscillate with a pointing accuracy of approximately 0.25 deg and 0.02 deg/s, respectively, on each
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axis in terms of standard deviation. Statistical analysis is performed over 20 orbits in steady state

conditions, which also practically demonstrates long term stability of the whole system.

Such a performance is obtained at the expenses of a rather intense control action. If a comparison

between Figs. 4 and 7 is performed, one immediately notes that all command variables decrease

asymptotically to 0, whereas a large control e�ort is present, especially for momentum dipole m2,

but also for the MW command torque g. Finally, the enlargement reported in the time-history of

m1 shows that, in this more realistic scenario, the magnetorquers are activated with a frequency

of 1 Hz. In spite of uncertainties, disturbances, saturation, quantization and piece-wise constant

control action, the behavior of the closed loop system remains satisfactory.

V. Conclusions

A proof of convergence is derived for magnetic and mechanical control laws that drive a rigid

spacecraft to attitude stabilization in the orbit frame by means of three mutually orthogonal mag-
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netic actuators and a momentum wheel with spin axis parallel to the pitch axis. The stability proof

is obtained under the assumption that a set of principal axes of inertia is selected as the body-�xed

frame. This proof extends a method developed for the acquisition of a pure spin around a principal

axis of inertia, while aiming the spin axis in a desired inertially-�xed direction. In particular, global

exponential stability is proven for the closed-loop system where angular momentum management

is obtained by means of magnetic actuation. The pitch angle convergence proof, which represents

the additional contribution of the present paper, immediately follows after a proper choice of the

wheel control law. The variability of the magnetic �eld along the orbit plays an important role

in the proof of asymptotic stability of the system towards the equilibrium point. The results hold

for many practical applications regarding small-scale spacecraft, where almost cubic or cylindrical

oblate con�gurations are typically employed.

Simulation results are presented in order to demonstrate the e�ectiveness of the control laws

and validate the theoretical results. As a further contribution, the control laws are shown to perform

well in the presence of external disturbances, spacecraft inertia matrix uncertainties, and control

implementation issues such as actuator saturation, control quantization, and measurement noise.

Appendix: Proof of Lemma 1

First the proof of exponential stability of Y = 0 is addressed in the case when γ̄ = 0. In such

framework, the system in Eqs. (27)-(30) assumes the following structure:

Ẏ = −A(t)KY −B (t,Y ) (46)

Let

V (Y ) = 1/2Y TKY (47)

be a Lyapunov function candidate. Provided ∇Y V is the gradient of V along the trajectories of the

considered system, it is

V̇ (t,Y ) ≡ (∇Y V )
T
f(t,Y ) = − (KY )

T
A(t) (KY ) (48)

where A(t) is a positive semi-de�nite matrix. In what follows, it is proven that V and its time-

derivative V̇ satisfy the hypotheses of Theorem 8.5 in Ref. [17]. In particular, V (Y ) is continuously
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di�erentiable and V̇ (t,Y ) is uniformly continuous and negative semi-de�nite.

From Eq. (48), the time-derivative of V (t,Y ) vanishes if one of the following conditions holds:

a) the equilibrium point at the origin is reached, (ZT ,ET )T = 0 or

b) the angular momentum error variables are such that the error signal, e = kζ Z+kεE, becomes

parallel to the Earth magnetic �eld (and the nominal torque M (c) thus vanishes) or

c) the linearly independent angular momentum error variables are such that the error signal,

e = kζ Z + kεE, becomes null with Z 6= 0, E 6= 0 (and the nominal torque M (c) again

vanishes).

In the case of torque-free motion (Conditions b and c), the nominal system (46) reduces to

Ẏ = −B (t,Y ). Taking into account the de�nition of the term B (t,Y ) in Eq. (30), this means

that Z remains �xed in the inertial frame.

Suppose Condition b holds. This situation can be maintained over time if and only if the vector

(kζZ
T , kεE

T )T remains in the null-space of the time varying matrix, A(t), NA = ker(A). Letting

0 = (0, 0, 0)T , a basis for the null-space ofA is given by the vectors n1 = (bT ,0T )T , n2 = (0T , bT )T ,

n3 = (uT ,−uT )T , and n4 = (vT ,−vT )T , where u and v are a pair of linearly independent vectors

perpendicular to b. The vector (kζZ
T , kεE

T )T ∈ NA if kζZ and kεE have components opposite

in sign on the plane perpendicular to b, which means that the three vectors kζZ, kεE, and b must

belong to the same plane. Such a condition can be reached, but it cannot be maintained over a �nite

time-interval during a torque-free phase, since the error signal e rotates about the inertially-�xed

direction of Z. But this is in contrast with the motion of b in the inertial frame, as described by

the IGRF model.

Now suppose Condition c holds. The error signals, Z and E, are such that kζ Z = −kεE, with

the result that, during the torque-free motion, both Z and E remain �xed in the inertial frame.

Considering the de�nition of the momentum error vector E in Eq. (19), this means that hd does not

move in the inertial space too, being the total momentum vector �xed during a torqueless condition.

This situation may occur in two cases: 1) the spacecraft spins about the prescribed principal axis of

inertia, namely TBIE × hd = 0, while the spin axis aims in the direction of the orbit normal; as a
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matter of fact, this situation is in contrast, whenE 6= 0, with the condition Ẏ = −B (t,Y ) = 0, that

implies
(
J−1a TBIE

)
×hd = 0; 2) in case the satellite is in a rest condition, then ‖Z‖ = ‖E‖ = |hd|;

the situation kζ Z = −kεE can thus be avoided by choosing kζ 6= kε.

Given the above considerations, the origin Y = 0 is globally asymptotically stable and the

right-hand term of the equation

V (Y (t+ δ))− V (Y (t)) =

∫ t+δ

t

(∇Y V )
T
f(s,Y (s)) ds = −

∫ t+δ

t

(KY )
T
A(s) (KY ) ds (49)

is a �nite negative term if an equilibrium point is not reached, provided δ > 0 is a �nite time

interval. As a last element to infer global exponential stability, it is necessary to demonstrate that,

for V (t) = V [Y (t)], for some δ over t ≥ t0, the inequality

V (t+ δ)− V (t) ≤ −λV (t) (50)

holds uniformly in the time domain for a positive constant λ. Since V̇ can become zero, but

constant V surfaces do not contain solutions (see above), one expects that those time instants t?

when A(t?)KY ? = 0 and V̇ = 0 are in�ection points with horizontal tangent for the time-history

V (t) = V [Y (t)], with V̈ = 0 for t = t? and V̇ < 0 immediately before and after t?. Provided V is

continuously di�erentiable, from the properties of in�ection points with horizontal tangent it follows

[18]

V (t+ δ)− V (t) ≤ V (t? + δ)− V (t?) < 0 (51)

for a su�ciently small δ and all t ≥ t0. By expanding V (t) in terms of a Taylor series up to the

third order, where

V (t+ δ)− V (t) = V̇ (t)δ + (1/2!)V̈ (t)δ2 + (1/3!)
...
V (t)δ3 +O(δ4)

for t = t? one has:

V (t? + δ)− V (t?) = (1/6)
...
V (t?)δ3 +O(δ4) (52)

Thus, in order to satisfy the last requirement for global stability of the origin, it is necessary to

prove that the dominant term
...
V (t?) on the right-hand-side of Eq. (52) is always negative and �nite
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for all those time instants t? when V̇ = 0 (hence V̈ = 0), in order to use
...
V for estimating the

candidate λ in the neighborhood of t? to be employed in Eq. (50).

From Eqs. (46), (47), and (48), one gets that, for the particular case proposed in the present

paper, when V̇ = 0, it is A(t)KY = 0, that is the vector KY lies on the null space of A. The

second time-derivative of V ,

V̈ (t,Y ) = −2 (KY )
T
A(t)

(
KẎ

)
− (KY )

T
Ȧ(t) (KY )

is also zero for t = t? if and only if the null space of Ȧ(t?) coincides with or contains the null space

of A(t?). The expression of the third time-derivative of V ,

...
V (t,Y ) = −4 (KY )

T
A(t)

(
KŸ

)
− 2

(
KẎ

)T
A(t)

(
KẎ

)
− 2 (KY )

T
Ȧ(t)

(
KẎ

)
− 2 (KY )

T
Ȧ(t)

(
KẎ

)
− (KY )

T
Ä(t) (KY )

for t = t? is thus reduced to

...
V (t?,Y ?) = J ¨A

+ JB = − (KY ?)
T
Ä(t?) (KY ?)− 2 (KB?)

T
A(t?) (KB?) (53)

where B? = B(t?,Y ?). The third time derivative of the candidate Lyapunov function depends on

the sum of two negative semi-de�nite quadratic forms, J ¨A
and JB . If one proves that at least one

of the two terms is strictly negative when V̇ = 0, the third time derivative of V is strictly negative

at t = t? and it is possible to derive a �nite value of λ that satis�es the inequality in Eq. (50).

The null space of A can be decomposed into the Cartesian product of two subspaces, NA =

N1 × N2, with N1 = span{(b̂
T
,0T )T , (0T , b̂

T
)T }, and N2 = span{(uT ,−uT )T , (vT ,−vT )T }. It is

possible to show that, whenKY ∈ N1, that is, both errors Z and E are parallel to the geomagnetic

�eld vector, b̂, the term J ¨A
is strictly negative for t = t?. This is proved assuming initiallyE = ‖E‖b̂

and Z = 0. The same argument also holds for the dual case, Z = ‖Z‖b̂ and E = 0, hence for

any linear combination of the two. The matrix A(t) is obtained from the projection operator,

T TBI

(
I3 − b̂ b̂

T
)
TBI =

(
I3 − b̂I b̂

T

I

)
. From the expression of b̂O in the orbit frame, b̂I is easily

obtained in an inertially-�xed frame by means of the transformation b̂I =
(
T IOT

T
BO

)
b̂O, where

TBO is given by Eq. (4). Without loss of generality, assume that the inertial frame is coincident
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with FO at time t = t0, namely

T IO =


cos [n(t− to)] 0 sin [n(t− to)]

0 1 0

− sin [n(t− to)] 0 cos [n(t− to)]


Consider the case when the components of the Earth magnetic �eld are evaluated by means of a

simple dipole model, such that the analytical derivation of Ä(t) is straightforward [11]. When t = t?,

the error signal e? = kεE(t?) is aligned with the local direction of b̂
?

= b̂(t?), that is e? = ||e||b̂
?
.

In this case, the expression of J ¨A
is thus given by the quantity

J ¨A
= −

2n2 sin2(i)
{

1 + 9 sin2(i) sin4[n(t? − t0)]− 6 sin2(i) sin2[n(t? − t0)]
}{

1 + 3 sin2(i) sin2[n(t? − t0)]
}2 ||e?||2 (54)

which is a strictly negative periodic function of t? with period T/2 for orbit inclination i 6= 0. Its

maximum value can be evaluated at t? = (1/2 +N)T/2 + t0 for N = 0, 1, 2, . . . , such that

J ¨A
≤ − 2n2 sin2(i)

1 + 3 sin2(i)
||e?||2 (55)

Repeating the argument for the dual case, Z = ‖Z‖b̂ and E = 0, and any other case in which the

error signal e is parallel to the geomagnetic �eld b, it is possible to state that

J ¨A
≤ −2k2minn

2 sin2(i)

1 + 3 sin2(i)
||Y ?||2 = −µ̃||Y ?||2

where kmin = min {kε, kζ} and µ̃ > 0.

When KY ∈ N2, that is, kζZ = u and kεE = −u, the quadratic form J ¨A
=

(KY ?)
T
Ä(t?) (KY ?) vanishes, but it is possible to prove that the remaining term in the expres-

sion of
...
V (t?), namely JB = −2 (KB?)

T
A(t?) (KB?), is strictly negative, unless a very particular

con�guration is considered, unlikely to be encountered in practice and impossible to be maintained

over time. From the de�nitions of Z and E, the condition KY ∈ N2 requires that all the vector

quantities Z, E, hd, andHd lie on the same plane, where hd is parallel to the spacecraft pitch axis,

whereas Hd is parallel to the normal to the orbit plane. From the de�nition of the vector B in

Eq. (30), one can note that JB vanishes if the second part of the vector B? = (0T ,wT )T , namely

w = T TBI
[(
J−1a TBIE

)
× hd

]
evaluated at t = t?, lies in the null space of the projection operator,

that is, if w is parallel to b. But this, in turn, requires that the pitch axis is perpendicular to the
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geomagnetic �eld at time t?. All these conditions can be ful�lled if and only b̂ is perpendicular to

both hd and Hd, that is, if the geomagnetic �eld is simultaneously perpendicular to the spacecraft

pitch axis and the normal to the orbit plane, ô2. This is not possible if the component b2 of the

geomagnetic �eld along ô2 is di�erent from zero and E and Z are collinear. It is thus possible to

state that, when b2 6= 0, then JB ≤ −µ̄‖Y
?‖2, with µ̄ > 0.

There is only one case, when b2 vanishes, and this is the simple dipole model for an orbit

inclination i = 90 deg. In this case an exponential convergence is no longer guaranteed at a

theoretical level for the nominal system in Eq. (46). But the dipole model is oversimpli�ed. The

tilted dipole model accounts for a variation of the relative position of the geomagnetic �eld polar

axis (which rotates with the Earth) with respect to the (inertially-�xed) orbit plane. Thus, in all

practical cases and for a su�ciently detailed geomagnetic �eld model, the value of JB remains

negative and bounded as soon as b2 becomes non-zero.

The determination of the bound µ̄ is rather cumbersome, and it depends on the values of the

spacecraft moments of inertia, the magnitude of the desired angular momentum, and on the gains

kζ and kε, and it is not reported here for the sake of conciseness. Nonetheless, the fact that a bound

for the quadratic form JB exists in (almost) every operational condition implies that at least one of

the two quadratic forms, J ¨A
and JB , is di�erent from zero when V̇ vanishes. Thus

...
V ≤

...
V max < 0

allows for the determination of a �nite bound of λ in Eq. (50), uniformly valid in t.

In fact, according to the considerations analyzed above, it is possible to write

...
V (t?,Y ?) ≤ −µ ||Y ?||2 < 0

with µ = min {µ̃, µ̄}. From Eq. (52), one gets that

V (t? + δ)− V (t?) ≤ −(µ/6)||Y ?||2δ3 +O(δ4)

By taking into account the expression of the Lyapunov candidate function in Eq. (47), it is also

V (t? + δ)− V (t?) ≤ −λ̃(δ)V (t?) +O(δ4) (56)

where λ̃(δ) = µδ3/ (3kmax), with kmax = max {kε, kζ}.

From the arguments reported above, it is possible to show that, for a su�ciently small δ, there
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exists a λ(δ) > 0 such that

V (t? + δ)− V (t?) ≤ −λ(δ)V (t?) (57)

Finally, by Eq. (51), the inequality in Eq. (50) is satis�ed with the same λ = λ(δ) introduced

in Eq. (57). Given the above considerations, the origin Y = 0 is globally exponentially stable for

the system in Eq. (46).

Consider now the case when γ̄ 6= 0. The hypotheses of Lemma 9.1 in Ref. [17] are satis�ed.

In particular, the origin Y = 0 is a globally uniformly exponentially stable equilibrium point for

the nominal system Ẏ = −A(t)KY − B (t,Y ) (see above), and the perturbation term satis�es

the linear growth bound ‖g(t,Y )‖ = ‖C(t,Y )‖ ≤ γ̄ ‖Y ‖ for all (t,Y ) ∈ [t0, ∞) × R6, provided

γ̄ = |hd| δmax, where δmax = max {|δ1|, |δ2|, |δ3|}. �

Note that the estimate of λ performed above on the basis of the simple dipole model is con-

servative. More complex models, such as the IGRF or the actual geomagnetic �eld, do not allow

an analytical derivation of the bound, but they are characterized by a behavior in the time-domain

with short-term oscillations that cause the value of V to decrease at a faster rate with respect to

that determined from the simpler model.
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