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Robust attitude tracking control of spacecraft under control input
magnitude and rate saturations
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SUMMARY

This paper investigates the problem of attitude tracking control of spacecraft subject to control input magni-
tude and rate saturations. The smooth hyperbolic tangent function is used to model the magnitude and rate
saturations. As the system is non-affine in the control input, an augmented plant is presented to facilitate the
development of the control law. The backstepping technique, robust control and adaptive control approaches
are applied to design the control law. The stability of the closed-loop system is guaranteed by the Lyapunov
method. Numerical simulations are presented to demonstrate the performance of the proposed controller.
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1. INTRODUCTION

Attitude control of rigid spacecraft has been extensively studied for many years because of its wide
applications in the field of spacecraft missions (e.g., [1–18] and the references therein). Various
nonlinear control approaches, such as sliding mode control [13, 16, 17], optimal control [6], adap-
tive control [1, 15], neural network control [9, 10], and fuzzy control [11], have been employed to
improve the performance of the attitude control system. It is to be noted that most of the existing
attitude control laws have not taken the control input magnitude and rate saturations (MRS) into
account. However, in practical applications, a spacecraft suffers from the control input MRS because
of physical limits of the onboard actuators. The controller designer must address this issue as it may
lead to instability or unacceptable performance degradation of the spacecraft’s attitude.

Several researchers have examined the attitude control problem in the presence of actuator satu-
ration [11–17]. In the presence of unknown mass moment of inertia matrix, external disturbances,
actuator failures, and control input constraints, a robust adaptive fuzzy controller is proposed for a
spacecraft in [11]. Considering control input saturation, a neural network-based distributed attitude
coordination control scheme is proposed for spacecraft formation flying in [12]. Boskovic et al. [13]
proposed two variable structure control algorithms for stabilization of spacecraft in the presence of
control input saturation, parametric uncertainty, and external disturbances. Thereafter, a continuous
stable attitude tracking control algorithm is presented for spacecraft in the presence of control input
saturation, parametric uncertainty, and external disturbances in [14]. de Ruiter [15] extended the
result presented in [3], and it is shown that the closed-loop system is asymptotically convergent in
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the presence of actuator saturation when the feedforward component is restricted to lie within the
actuator capabilities. Zhu et al. [16] proposed an adaptive sliding mode controller for the attitude
stabilization of spacecraft subject to control constraints while Xiao et al. [17] presented a fault toler-
ant attitude tracking control scheme for flexible spacecraft in the presence of faulty actuator, system
uncertainties, external disturbances, and actuator saturation. However, control constraints on input
rates have not been taken into consideration in these investigations.

On the other hand, controlling the attitude of a spacecraft subject to control input MRS has not
received much attention in the current available literature. In [18], a velocity-free attitude tracking
control law was proposed for rigid spacecraft subject to actuator MRS. However, to guarantee that
the applied control torque satisfies the constraints on the input magnitude and input rate, the con-
troller parameters and initial angular velocity must satisfy some special constraints, which may limit
the application of the control law. Furthermore, the assumptions that the mass moment of inertia ten-
sor is exactly known and there is no external disturbance acting on the spacecraft are necessary while
these assumptions are usually not satisfied in practice. Hence, it is highly desirable to design a new
control law that can satisfy the input MRS without the requirements of both the special constraints
and assumptions as in [18].

In this paper, we consider the problem of attitude tracking control for rigid spacecraft with
bounded inputs and bounded input rates. The main challenge of such a problem arises from the fact
that the inputs and input rates are limited by priori-fixed constants. By use of a novel smooth MRS
model, an augmented plant, and the backstepping technique [19], this difficulty can however be
overcome, and consequently, a robust attitude tracking control law is designed for a rigid spacecraft
subject to input MRS. The main contributions of the present work are stated as follows.

(1) Based on the smooth hyperbolic tangent function, a novel model is proposed to enforce input
magnitude and rate saturation constraints, augmenting the plant. With this model, the sys-
tematic backstepping technique [19], which requires all functions to be differentiable, may
be applied to design the control law for a system subject to input MRS.

(2) As compared with the existing results in [11–17] where only control input saturation is con-
sidered, the presented controller satisfies the control constraints on the input magnitude as
well as the input rate.

(3) As compared with the controller reported in [18], the proposed control law is robust against
not only the parametric uncertainties but also the non-parametric uncertainties.

(4) The developed control scheme is not only applicable to spacecraft subject to control input
MRS, but also easily extendable to a more general class of second-order nonlinear system
with input MRS.

This paper is organized as follows. Equations of motion for the spacecraft subject to control input
MRS are described in Section 2. Section 3 proposes an adaptive attitude tracking control law for
spacecraft subject to control input MRS. Simulation results are presented in Section 4 followed by
conclusions in Section 5.

2. EQUATIONS OF MOTIONS

The spacecraft is modeled as a rigid body with actuators that provide torques about three mutually
perpendicular axes that define a body-fixed frame B . The attitude dynamics is given by [20]

J P! D �!�J! C � C d; (1)

where ! D Œ!1; !2; !3�
T is the angular velocity of the spacecraft with respect to an inertial frame

I and expressed in the body frame BIJ 2 R3�3 is the inertia matrix of the spacecraft; � 2 R3 is
the applied control torque generated by actuators, and d 2 R3 is the bounded external disturbance,
which includes environmental torques such as gravitational torque and torque due to aerodynamic
drag, solar radiation, and magnetic effect.
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As the spacecraft is subject to the control input MRS, the model for MRS is described by using
the smooth hyperbolic tangent function as follows:

� D f .u/ D uM tanh

�
u

uM

�
(2)

Pu D Nf �1g.v/ D Nf �1
�
NuM tanh

�
v

NuM

��
; (3)

where tanh.x/ D Œtanh.x1/; tanh.x2/; tanh.x3/�T for a vector x 2 R3; uM and NuM are known
positive constants; Nf D @f=@u, and u 2 R3 with u.0/ D 0, v 2 R3, and � are the state, input, and
output of MRS, respectively.

Note that

0 <
@fi

@ui
D

4�
eui=uM C e�ui=uM

�2 6 1; i D 1; 2; 3: (4)

Therefore, we conclude that the output � of the MRS always satisfies the magnitude and rate limits,
that is, j�i j 6 uM and j P�i j D j.@fi=@ui / Pui j 6 NuM .i D 1; 2; 3/. In the literature, the model for MRS
is represented by using non-smooth functions, such as the discontinuous sign function [21] and the
continuous saturation function [22], and an extra attention must be paid to design a control law for
a nonlinear system using the non-smooth MRS model. To facilitate the controller design, we use
the smooth hyperbolic tangent function to describe the model for MRS, and thus, the backstepping
technique can be applied to design the controller.

Using the unit quaternion as attitude representation, the attitude kinematics is

Pq D
1

2

�
q4I3 C Nq

�

�NqT

�
! D

1

2
A.q/!; (5)

where I3 represents the 3 � 3 identity matrix, and x� 2 R3�3 for a vector x D Œx1; x2; x3�T denotes
the skew–symmetric matrix given by

x� D

2
4 0 �x3 x2
x3 0 �x1
�x2 x1 0

3
5 : (6)

The unit quaternion q D
�
NqT ; q4

	T
D Œq1; q2; q3; q4�

T represents the attitude of a rigid spacecraft
in the body frame B with respect to the inertial frame I , which is defined by

Nq D Œq1; q2; q3�
T D e sin.e0=2/; q4 D cos.e0=2/; (7)

where e is the Euler axis, and e0 is the Euler angle. The unit quaternion q satisfies the constraint
kqk D 1. Let q represent a given attitude, then �q represents the same attitude after a rotation of
˙2  about an arbitrary axis.

The inertia matrix J , which is symmetric and positive definite, satisfies the following
bounded condition

Jmkxk
2 6 xT Jx 6 JMkxk2; 8x 2 R3; (8)

where Jm and JM are positive constants. In this paper, we consider that the inertia matrix has
uncertainties, that is,

J D J0 C4J; (9)
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where J0, which is a symmetric and positive definite matrix, is the nominal value of the inertia
matrix, and 4J is the uncertain part of the inertia matrix. The following lemma regarding the
bound on x�Jx is presented, where x 2 R3.

Lemma 1
Let J 2 R3�3 be symmetric and positive definite, with minimum and maximum eigenvalues
�min.J / and �max.J /, respectively. Then, for any x 2 R3, the following bound holds:

kx�Jxk 6
�
�2max.J / � �

2
min.J /

	1=2
kxk2: (10)

Proof
The cross-product operation satisfies the geometric condition

kx�Jxk D kxkkJxk sin˛ 6 �max.J /kxk
2 sin˛; (11)

where 0 6 ˛ 6   is the angle between the vectors x and Jx. Note that

�min.J /kxk
2 6 xT Jx D kxkkJxk cos˛ 6 �max.J /kxk

2 cos˛; (12)

where the geometric interpretation of the dot product has been used. It then follows from (12) that

cos˛ > �min.J /

�max.J /
> 0: (13)

Therefore, 0 6 ˛ <  =2. Using the fact that cos2 ˛ D 1 � sin2 ˛ and sin˛ > 0, the inequality in
(13) leads to

sin˛ 6
"
1 �

�
�min.J /

�max.J /

�2#1=2
(14)

Thus, we have

kx�Jxk 6 �max.J /kxk
2 sin˛ 6 kxk2

�
�2max.J / � �

2
min.J /

	1=2
: (15)

�

Consider the desired frame BD with orientation qd D
�
NqT
d
; qd4

	T
, where the desired attitude qd

is generated by

Pqd D
1

2
A.qd /!d (16)

with !d 2 R3 being the desired angular velocity. The attitude tracking error qe D
�
NqTe ; qe4

	T
,

which is defined as the relative orientation between the body frame B and the desired frame BD , is
computed by the quaternion multiplication rule as

Nqe D qd4 Nq � q4 Nqd C Nq
� Nqd ; qe4 D qd4q4 C Nq

T
d Nq; (17)

where qd 2 R4 and qe 2 R4 satisfy the constraints kqdk D 1 and kqek D 1, respectively. The
corresponding rotation matrix relate to the quaternion qe given by

C.qe/ D
�
q24e � Nq

T
e Nqe

�
I3 C 2 Nqe Nq

T
e � 2q4e Nq

�
e : (18)
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Note that kCk D 1 and PC D � .! � C!d /
� C D �!�e C , where !e is the angular velocity error,

which represents the difference between the angular velocity ! and the desired angular velocity
!d . Using (1), (3), (5), and (16), the governing differential equations for the attitude tracking error
qe and angular velocity error !e together with the MRS model are derived as follows:

Pqe D
1

2
A.qe/!e (19)

J0 P!e D �!
�J0! � J0

�
C P!d � !

�
e C!d

�
C f .u/ �4J P! � !�4J! C d (20)

Pu D Nf �1g.v/: (21)

It is worth mentioning that the control signal to be designed for the system in (19)–(21) is v, but
the system (21) is non-affine in the input v, which makes the direct development of a control law
for v difficult. In order to handle it, we augment the plant as follows:

Pqe D
1

2
A.qe/!e (22)

J0 P!e D �!
�J0! � J0

�
C P!d � !

�
e C!d

�
C f .u/ �4J P! � !�4J! C d (23)

Pu D Nf �1g.v/ (24)

Pv D Ng�1U; (25)

where Ng D @g=@v; v.0/ D 0, and U 2 R3 is an auxiliary signal to be designed using the backstep-
ping approach [19]. It is obvious that all functions in (22)–(25) are smooth, and hence, the use of
the backstepping technique is feasible.

It is worth noting that the augmented system described by (22)–(25) involves two nonlinear func-
tions f .u/ and g.v/, which play the same role as the ‘virtual control inputs’ in the procedure of
the current backstepping design. To the best knowledge of the authors, such a system has not been
studied in the current available literature using the backstepping technique.

To facilitate the development of the control law, the following assumptions are made.

Assumption 1
The disturbance d is bounded such that kdk 6 dM , where dM is a positive constant.

Assumption 2
The desired angular velocity !d and its first three derivatives are assumed to be in the compact set
†1 given by

†1 D ¹˝d jk!dk 6 B1; k P!dk 6 B2; k R!dk 6 B3; k«!dk 6 B4 º ; (26)

where ˝d D
�
!T
d
; P!T
d
; R!T
d
; «!T
d

	T
, B1, B2, B3, and B4 are known positive constants.

Note that Assumption 1 implies that the external disturbances are bounded, and Assumption 2
indicates that the desired angular velocity and its first three derivatives are bounded. These two
assumptions are usually satisfied in practice.
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3. CONTROLLER DESIGN FOR SPACECRAFT UNDER CONTROL INPUT MRS

In this section, we design an adaptive attitude tracking controller for spacecraft with uncertain inertia
matrix, which is subjected to control input MRS. The backstepping technique [19] is adopted to
design the controller. The procedure of the controller design is explained as follows.

Step 1: Design of the virtual controller for f .u/. Define an auxiliary error s1 D !eCk1 Nqe , where
k1 is a positive constant. Then, the dynamic equation for s1 is obtained from (23) as

J0 Ps1 D �!
�J0! � J0.C P!d � !

�
e C!d /C k1J0 PNqe C f .u/ �4J P! � !

�4J! C d

D F C4F C f .u/C d;
(27)

where F D �!�J0! � J0.C P!d � !�e C!d /C k1J0 PNqe and4F D �4J P! � !�4J!.
It is to be noted that if the spacecraft attitude and its derivative converge to the desired

trajectories, then Nqe D 0, !e D 0, and the nonlinear function F converges to the desired
nonlinear function Fd defined by

Fd .!d ; P!d / D �!
�
d J0!d � J0 P!d (28)

and the uncertain nonlinear function4F converges to

4Fd D �!
�
d4J!d �4J P!d : (29)

Let D D 4Fd C d denote the lumped uncertainties, which include both parametric
and non-parametric uncertainties. In view of Assumptions 1 and 2, the bound on D is
given by

kDk 6 dM C �1k!dk2 C �2k P!dk 6 �; (30)

where �; �1, and �2 are some positive constants. In accordance with the input MRS, the
following assumption is made.

Assumption 3
The parameters Bi .i D 1; 2; 3; 4/ and � satisfy

�
�2max.J0/ � �

2
min.J0/

	1=2
B21 C

�max.J0/B2 C � D B5 < uM and 2�max.J0/B1B2 C �max.J0/B3 D B6 < NuM , where
�max.J0/ and �min.J0/ denote the maximum and minimum eigenvalues of the matrix
J0, respectively.

Remark 1
When the spacecraft attitude and its derivative converge to the desired trajectories, then
Nqe D 0, !e D 0, and the dynamical equation for !e is

J0 P!e D �!
�
d J0!d �J0 P!dC��4J P!d �!

�
d4J!dCd D �!

�
d J0!d �J0 P!dCDC�:

(31)

To make P!e � 0, the desired control torque is supposed to be �d D !�d J0!dCJ0 P!d�D,
which is bounded by

k�dk 6
�
�2max.J0/ � �

2
min.J0/

	1=2
B21 C �max.J0/B2 C � D B5: (32)

Furthermore, note that P�d D !�d J0 P!d C P!
�
d
J0!d C J0 R!d � PD and

k!�d J0 P!d C P!
�
d J0!d C J0 R!dk 6 2�max.J0/B1B2 C �max.J0/B3 D B6: (33)
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Therefore, Assumption 3 is reasonable because it implies that there exists a control
input satisfying the input MRS such that the spacecraft can track the given time-varying
reference trajectory.

To design the virtual controller for f .u/, we consider the following Lyapunov function:

V1 D

3X
iD1

ln cosh.s1i /; (34)

which is a radially unbounded, globally positive-definite function.
After taking the time derivative of (34) and using (27), we obtain the following

expression for PV1:

PV1 D tanhT .s1/Ps1 D tanhT .s1/J
�1
0 .F C4F C f .u/C d/

D tanhT .s1/J
�1
0 .�1 C Fd CD C f .u//;

(35)

where �1 D F C4F � Fd �4Fd .
Consider f .u/ as a virtual control input, and design the following virtual controller:

fd D �k2 tanh.s1/ � Fd �  1; (36)

where k2 is a positive constant, and  1 2 R3 is a robust term defined by [23]

 1i D � tanh

�
3ku� Ns1i

�

�
; ku D 0:2785 (37)

with i D 1; 2; 3, Ns1 D J�10 tanh.s1/, and � being a small positive scalar. The hyperbolic
tangent function has the following property [24]:

0 6 jxj � x tanh

x
�

�
6 ku� (38)

for any � > 0 and any x 2 R. Using this property, it can be verified that

kNs1k� � Ns
T
1  1 6

3X
iD1

.jNs1i j� � Ns1i 1i / 6
3X
iD1

�

3
D �: (39)

In the virtual controller defined by (36), we use the desired nonlinear function Fd
to replace the nonlinear function F . The main reason for this replacement lies in the
fact that Fd is bounded, that is, kFdk 6

�
�2max.J0/ � �

2
min.J0/

	1=2
B21 C �max.J0/B2 <

uM . Furthermore, using Lemma 1 and Assumption 3, it can be verified that the virtual
controller fd is bounded such that jfdi j 6 uM C k2 C �.i D 1; 2; 3/.

Applying the virtual controller given in (36) to (35) and using (39), we obtain

PV1 D tanhT .s1/J
�1
0 .�1 CD C s2 � k2 tanh.s1/ �  1/

6 �k2 tanhT .s1/J
�1
0 tanh.s1/C kNs1k� � Ns1 1 C tanhT .s1/J

�1
0 .�1 C s2/

6 �k2J0mk tanh.s1/k
2 C � C tanhT .s1/J

�1
0 .�1 C s2/;

(40)

where s2 D f � fd , and J0m is the minimum eigenvalue of the matrix J�10 . The term
tanhT .s1/J�10 .�1 C s2/ will be dealt later.

Step 2 : Design of the virtual controller for g.v/.
Using (24), the dynamic equation for s2 is given by

Ps2 D
@f

@u
Pu � Pfd D g � Pfd ; (41)
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where Pfd is a continuous function defined by

Pfd D �k2
@ tanh.s1/

@s1
Ps1 � PFd �

@ 1

@s1
Ps1

D �

�
k2
@ tanh.s1/

@s1
C
@ 1

@s1

�
J�10 .�1 C s2 � k2 tanh.s1/ �  1/ � PFd C ND

(42)

with

ND D �

�
k2
@ tanh.s1/

@s1
C
@ 1

@s1

�
J�10 D: (43)

Note that @ tanh.s1/=@s1, @ 1=@s1, and D are bounded, and thus, there exists a positive
constant ˇ such that k NDk 6 ˇ. Consider g as a virtual control input, and design the
following virtual controller:

gd D �k3 tanh.s2/ � PFd �  2; (44)

where k3 is a positive constant, and  2 is a robust term defined by

 2 D �ˇ tanh

�
3kuˇ tanh.s2/

�

�
: (45)

By Assumption 3, we conclude that the virtual controller gd is bounded such that jgdi j 6
NuM C k3 C ˇ.i D 1; 2; 3/.

Consider the following Lyapunov function:

V2 D

3X
iD1

ln cosh.s2i /: (46)

Taking the time derivative of V2 and using (41) and (44), we have

PV2 D tanhT .s2/Ps2 D �k3k tanh.s2/k
2 C tanhT .s2/.s3 C �2 C ND �  2/

6 �k3k tanh.s2/k
2 C tanhT .s2/.s3 C �2/C �;

(47)

where s3 D g � gd and �2 D � Pfd � PFd � ND. The term tanhT .s2/.s3 C �2/ will be
discussed later.

Step 3: Design of the control law for U .
Using (25), the dynamic equation for s3 is obtained as follows:

Ps3 D Pg � Pgd D U � Pgd D U � Pgd ; (48)

where the nonlinear function Pgd is a continuous function defined as

Pgd D �k3
@ tanh.s2/

@s2
Ps2 � RFd : (49)

The control law for U is designed as follows:

U D �k4 tanh.s3/ �  3; (50)

where k4 is a positive constant, and  3 is a robust term to be determined in the succeed-
ing sections.

We construct the following compact set:

†2 D

´
.s1; s2; s3/

ˇ̌̌
ˇ̌ 3X
iD1

ln cosh.s1i /C
3X
iD1

ln cosh.s2i /C
3X
iD1

ln cosh.s3i / 6 p1

μ
;

(51)
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where p1 is a sufficiently large positive constant. Because the sets †1 and †2 are com-
pact, the set †1 � †2 is also compact. When s1, s2, and s3 lie within the compact set
†1�†2, then s1, s2, and s3 are bounded. Thereby, �1C s2, �2C s3, and Pgd are bounded
such that k�1C s2k 6M1, k�2C s3k 6M2, and k Pgdk 6M3, where Mi .i D 1; 2; 3/ is
a positive constant.

Now the robust term  3 in (50) is chosen as:

 3 D OM3 tanh

 
3ku OM3 tanh.s3/

�

!
; (52)

where OM3 is an estimate of M3. The parameter OM3 is updated by the following
adaptive law:

POM3 D 	1k tanh.s3/k � 	1	2 OM3; (53)

where 	1 and 	2 are positive constants. From (53), we can obtain that OM3.t/ is bounded
and non-negative for all t 2 Œ0;1/ if 0 < OM3.0/ <1. Hence, the controller U given in
(50) is also bounded for all t 2 Œ0;1/.

Now, the main result of the present work is summarized in the following theorem.

Theorem 1
Consider the spacecraft described by (1) and (5), where the control torque � is subjected to input
MRS and is modeled by (24) and (25). If Assumptions 1–3 are satisfied, the control law is provided
by (50), where the virtual controllers fd and gd are defined by (36) and (44), respectively, and the
adaptive laws for OM3 is given by (53), and the initial conditions satisfies V.0/ 6 p2, where V is
defined by

V D V1 C V2 C

3X
iD1

ln cosh.s3i /C
1

2	1



M3 � OM3

�2
; (54)

and p2 6 p1 is a positive constant, then s1; s2; s3, and QM3 D M3 � OM3 are uniformly ultimately
bounded by appropriately choosing the controller parameters.

Proof
Consider the following Lyapunov function:

V D V1 C V2 C

3X
iD1

ln cosh.s3i /C
1

2	1
QM 2
3 : (55)

The time derivative of V along with (40), (47), (50), and (53) is given by

PV 6 �k2J0mk tanh.s1/k
2 C tanhT .s1/J

�1
0 .�1 C s2/ � k3k tanh.s2/k

2

C tanhT .s2/.�2 C s3/C 2� C tanhT .s3/U � tanhT .s3/ Pgd �
1

	1
QM3
POM3

6 �k2J0m
2
k tanh.s1/k

2 �
k3

2
k tanh.s2/k

2 � k4k tanh.s3/k
2 C 2� C

.J0MM1/
2

2k2J0m

C
M 2
2

2k3
C k tanh.s3/k.M3 � OM3/C OM3k tanh.s3/k � tanhT .s3/ 3 �

1

	1
QM3
POM3

6 �k2J0m
2
k tanh.s1/k

2 �
k3

2
k tanh.s2/k

2 � k4k tanh.s3/k
2 C 3� C

.J0MM1/
2

2k2J0m

C
M 2
2

2k3
C 	2 QM3

OM3

6 �k2J0m
2
k tanh.s1/k

2 �
k3

2
k tanh.s2/k

2 � k4k tanh.s3/k
2 �

	2

2
QM 2
3 C N�;

(56)
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where the following inequalities

tanhT .s1/J
�1
0 .�1 C s2/ 6

k2J0mk tanh.s1/k2

2
C
.J0MM1/

2

2k2J0m
(57)

tanhT .s2/.�2 C s3/ 6
k3k tanh.s2/k2

2
C
M 2
2

2k3
(58)

OM3k tanh.s3/k � tanhT .s3/ 3 6 � (59)

	2 QM3
OM3 6 �

	2

2
QM 2
3 C

	2M
2
3

2
(60)

are applied; J0M is the maximum eigenvalue of the matrix J�10 , and N� is a positive constant
defined by

N� D 3� C
.J0MM1/

2

2k2J0m
C
M 2
2

2k3
C
	2M

2
3

2
: (61)

From (56), it can be obtained

PV 6 �
 NV C N�; (62)

where 
 D min¹k2J0m=2; k3=2; k4; 	2=2º, and NV is defined by

NV D k tanh.s1/k
2 C k tanh.s2/k

2 C k tanh.s3/k
2 C QM 2

3 : (63)

Thus, PV is strictly negative if NV is outside the following compact set:

†3 D

²
NV

ˇ̌̌
ˇ NV 6 N�


³
; (64)

and we can conclude that s1; s2; s3, and QM3 are uniformly ultimately bounded. The boundedness of
s1 implies that the attitude tracking errors Nqe and !e are also bounded. �

Remark 2
Applying the control input U given in (50) to the augmented MRS model defined by (24) and (25),
we can obtain the variable u, and consequently the applied control torque � D f .u/, where f .u/ is
defined by (2). It is to be noted that the applied control torque � always satisfies the magnitude and
rate limits.

Remark 3
In theorem, the controller parameters k2; k3; k4, and 	2 are required to be chosen such that 
 > N�= Np,
where Np D minVDp2 NV . Furthermore, it follows from (62) that s1; s2; s3, and QM3 will eventually
converge to the set†3. Because the size of the set†3 is determined by the parameters k2; k3; k4; 	2,
and �, the final accuracy of s1; s2; s3, and QM3 can be determined by the parameters k2; k3; k4; 	2,
and �, that is, the smaller s1; s2; s3, and QM3 can be achieved by judicious selection of parameters,
that is, high k2; k3; k4, and 	2 with low �.

Remark 4
In the literature, the anti-windup technique [25–28] is usually used for design of control systems
in the presence of actuator saturations. By adding an anti-windup compensation to a nominal con-
troller, the effect of the actuator saturation nonlinearities can be reduced. In general, the linear matrix
inequality approach is applied to adjust the anti-windup gains. It is to be noted that the stabilization
problem is considered in these investigations whereas in this paper, the tracking problem of rigid
spacecraft is addressed. Furthermore, by use of a smooth MRS model and an augmented plant, the
systematic backstepping technique can be applied to design a control law for a system subject to
input MRS.
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Remark 5
Although we consider the attitude tracking control problem of spacecraft subject to control input
MRS, the proposed control scheme can be easily extended to a more general class of second-order
nonlinear system with control input MRS described by

M Rx D N.x; Px/C�N.x; Px/C uC d; (65)

where x 2 Rn, M 2 Rn�n is a known positive and definite matrix; u 2 Rn is the control input,
which is subjected to MRS; N.x; Px/ 2 Rn is a known nonlinear function; �N.x; Px/ 2 Rn and
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Figure 1. Effect of the proposed controller on the attitude tracking error (Case A).
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d 2 Rn are unknown nonlinear functions. If we define an auxiliary error s1 D Px� Pxd Ck1.x�xd /,
where xd 2 Rn is the reference trajectory, then the resulting dynamic equation for s1 has the same
form as that in (27). Following the same procedure as in steps 1–3, the application of the proposed
scheme can be extended to the design of tracking controllers for nonlinear systems given in (65)
subjected to control input MRS. Many practical systems, such as robotic manipulators, inverted
pendulum system, and others, can be described by (65).
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Figure 2. Effect of the proposed controller on the attitude tracking error (Case B).
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4. SIMULATION RESULTS

In this section, numerical simulations are presented to verify the effectiveness of the
proposed controller. The nominal value of the inertia matrix is chosen as J0 D

Œ20 1:2 0:9I 1:2 17 1:4I 0:9 1:4 15� kg � m2 [5], and the uncertain part of the inertia matrix
is considered to be �J D 0:1J0. The initial states are set as: Nq.0/ D Œ�0:4; 0:35;�0:4�T ,
q4.0/ D

p
1 � kNq.0/k2, and !.0/ D Œ0:2; 0:2; 0:2�T . In addition, we consider the input MRS

defined by uM D 10Nm and NuM D 5Nm/s. The external disturbance is assumed to be d D
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Figure 3. Effect of the proposed controller on the attitude tracking error (Case C).
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0:01Œsin.t/; cos.t/; sin.2t/�T . The reference attitude qd is generated by (16) with the desired angular
velocity !d D 0:1Œsin.0:2 t/; sin.0:2 t/; sin.0:2 t/�T , Nqd .0/ D Œ0:2;�0:15; 0:3�T and qd4.0/ Dp
1 � kNqd .0/k2. The controller parameters are chosen as k1 D 5; 	1 D 20; 	2 D 0:01; � D 1:5,

and ˇ D 1.
The effect of the controller parameters k2; k3; k4, and � on the performance of the proposed

controller is examined for four cases as follows.

Case A
In this case, the controller parameters k2, k3, k4, and � are set as k2 D 1; k3 D 1; k4 D 10, and
� D 0:1. The attitude tracking error for this case is shown in Figure 1. It can be observed that the
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Figure 4. Effect of the proposed controller on the attitude tracking error (Case D).
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attitude tracking performance is quite poor.

Case B
In this case, the controller parameters k2; k3, and k4 are taken as k2 D 5, k3 D 3, and k4 D 30.
The parameter � is chosen as the same as that in Case A. Referring to Figure 2, the attitude tracking
performance is significantly improved by increasing the parameters from (k2 D 1, k3 D 1, k4 D 10)
to (k2 D 5, k3 D 3, k4 D 30).

Case C
The effect of the parameter � on the performance of the controller is examined next. In this case,
the parameter � is considered as � D 0:01 while the other controller parameters k2; k3, and k4 are
chosen as the same as those in Case A. The attitude tracking performance is shown in Figure 3. It
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Figure 5. Control input: �1 (solid line), �2 (dashed line), and �3 (dotted line) (Case D).
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is found that the attitude tracking performance is significantly improved compared with Case A by
decreasing the parameter � from � D 0:1 to � D 0:01.

Case D
In this case, the controller parameters k2; k3; k4, and � are chosen as k2 D 5; k3 D 3; k4 D 30,
and � D 0:01. The simulation results with the proposed controller defined by (50) are shown in
Figures 4–6. From Figure 4, it is observed that the attitude tracking error converges to a small
bounded region despite there are parametric uncertainties, external disturbance, input saturation,
and rate constraint, and it is also concluded that the attitude tracking performance can be improved
by properly selecting the controller parameter k2; k3, k4, and �. Referring to Figures 5 and 6, it is
to be noted that the control torque � and its rate P� always remain within their constrained regions,
respectively. These results show that good tracking performance can be obtained using the pro-
posed controller even in the presence of parametric and non-parametric uncertainties as well as the
input MRS.

5. CONCLUSIONS

Based on a smooth model of magnitude and rate saturations, an augmented plant, and backstep-
ping technique, an adaptive attitude tracking control scheme has been proposed for spacecraft. The
stability of the closed-loop system has been established by using the Lyapunov approach. The per-
formance of the proposed scheme has been examined through numerical simulations. It is shown
that the attitude of the spacecraft can track a reference trajectory with a small bounded error even in
the presence of parametric uncertainty, external disturbance, and control input magnitude and rate
saturations. An enlarged contribution of the present work is that the proposed scheme can be easily
extended to the tracking control problem of a more general class of second-order nonlinear systems
subjected to control input saturation and rate constraint.
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