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Abstract
This paper presents a nonlinear adaptive controller for the multiple
spacecraft formation flying problem. The formulation allows for gravitational field models of arbitrary order, and a broad class of linearly
parameterized external disturbance force models. This paper builds upon
previous results using feedback of the filtered error. Making use of Barbalat’s lemma, a broad class of controllers feeding back the filtered error
is obtained, which encompasses the linear feedback that is typically used
in the literature. In particular, conditions are presented under which the
linear feedback is asymptotically stable under actuator saturation. The
resulting controller performance is demonstrated with a numerical simulation for a relative orbit under J2 perturbations.
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Introduction

The coordinated flight of multiple spacecraft in formation is topic of significant
current interest [1, 2, 3]. Multiple spacecraft formation flying has been identified
by NASA and the U.S. Air Force as an enabling technology for future missions.
The ability to accurately control the relative positions of the spacecraft is key
to the success of such missions. Several different control design approaches have
been applied to the formation control problem, such as the Linear Quadratic
Regulator [4], intelligent control [5], decentralized control [6], coordinated and
synchronized control [7, 8, 9] and adaptive control [10, 11, 12]. For these methods
to be practically useful, they must work under realistic conditions including (but
not limited to) sensor errors, measurement rate, and communication delays. In
particular, given the limited thrust available, a significant realistic limitation
is actuator saturation. Gurfil et al. [12] addresses this issue in the context
of deep space spacecraft formation flying using a Model Reference Adaptive
Controller with pseudocontrol hedging. This paper focusses on the aspect of
actuator saturation for the application of the Slotine and Li adaptive controller
([13]) to spacecraft formation flying, which first appeared in [10].
The Slotine and Li adaptive controller has been applied to tracking problems
in various applications such as spacecraft attitude control, control of robotic
systems, control of spacecraft formations, and makes use of the filtered error
[10, 13, 14, 15, 16]. The filtered error may be defined as follows. Given the state
vector p(t) ∈ Rn , the filtered error is defined as
∆

r(t) = ṗ(t) + Λp(t),

(1)

where Λ > 0 is some positive-definite matrix.
There are various results in the literature relating conditions on the filtered error
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r(t) to asymptotic convergence of the state vector p(t) → 0. The ones that
seem to be used the most rely on the condition that r(t) ∈ L2 (see for example
[16, 17]). The need to show that r(t) ∈ L2 typically leads to linear feedback of
the filtered error, (u = −Kr with K > 0) (see for example [16, 10]). This means
that the available control actuation must be unlimited. In practise, this is not
the case, and the available control actuation is limited. It would be desirable to
obtain control laws that are stable in the presence of actuator saturation. As
mentioned in [13, 14, 15], convergence of the filtered error r(t) → 0 by itself
guarantees convergence of the state vector p(t) → 0. However, in these papers,
only linear feedback of the filtered error is considered. In this paper, this fact will
be used to obtain a much larger class of stabilizing controllers for the adaptive
spacecraft formation flying problem, of which the linear feedback are a subset.
In particular, asymptotic stability in the presence of actuator saturation will be
shown.
In [10], the formulation is for two spacecraft flying in a two-body gravitational
field. As mentioned in [10], it is straightforward to extend this formulation to
arbitrary gravitational fields. Because no significant extra effort is needed to
do this, it will be done so here. Additionally, in [10], the disturbance forces on
each spacecraft are assumed to be constant. This may not be entirely realistic.
Again, because it requires no significant extra effort, this will be generalized here
to allow any form of disturbance forces, provided they can be parameterized
linearly with constant coefficients (for example, fourier series).

2

Preliminary Mathematical Results

In this paper, wherever the norm of a vector appears, it will be taken to be
√
the 2-norm, that is kxk = xT x. Wherever the norm of a matrix appears, it
p
will be taken to be the induced 2-norm, that is kXk = λmax (XT X), where
3

λmax (·) denotes the maximum eigenvalue.

The main result on the filtered error from [13] is now stated.
Lemma 1:
Consider the filtered error in (1). Then, r(t) → 0 as t → ∞ if and only if
ṗ(t) → 0 and p(t) → 0 as t → ∞.
Another useful result that will be needed is contained in the following proposition.
Proposition 1
Let the function f (x, t) : Rn ×R → Rm be uniformly continuous in x, uniformly
in t, and uniformly continuous in t, uniformly in x. Then, given any uniformly
∆

continuous function y(t) : R → Rn , the function g(t) = f (y(t), t) is uniformly
continuous in t.
Proof
Let y(t) be any uniformly continuous function in t. Then, given any ǫ > 0,
∃δf x > 0, ∃δf t > 0 such that kx2 − x1 k < δf x ⇒ kf (x2 , t) − f (x1 , t)k <
ǫ
2,

∀t ∈ R and |t2 −t1 | < δf t ⇒ kf (x, t2 )−f (x, t1 )k < 2ǫ , ∀x ∈ Rn . By uniform

continuity of y(t), ∃δyt > 0 such that |t2 − t1 | < δyt ⇒ ky(t2 ) − y(t1 )k < δf x .
Now, kf(y(t2 ), t2 )−f (y(t1 ), t1 )k ≤ kf (y(t2 ), t2 )−f (y(t2 ), t1 )k+kf (y(t2 ), t1 )−
f (y(t1 ), t1 )k. By choosing δ = min(δyt , δf t ), and making use of the above results, |t2 − t1 | < δ ⇒ kg(t2 ) − g(t1 )k < ǫ. This completes the proof.

3

Spacecraft Formation Flying Dynamics

In this section, the spacecraft formation flying problem is formulated. The
formulation is similar to that in [10].
4

As in [10], a leader/follower type of formation will be considered. The leader
may or may not be an actual spacecraft. It could simply be a reference point
on the orbit that the follower is controlled relative to. As shown in Figure 1,
the same reference frame as in [10] will be used, with the y-axis pointing away
from the center of the earth, the z-axis pointing in the orbit angular momentum
direction, and the x-axis pointing nominally in the negative velocity direction,
completing the right-handed triad.
The relative dynamics can be expressed in the orbiting frame as [10]

Figure 1: Orbiting Reference Frame

mf ρ̈

=

×
× ×
−mf 2ω×
o ρ̇ + ω o ω o ρ + ω̇ o ρ



+mf (ag (Rf ) − ag (Rl )) + uf −

mf
ml

ul + f f d −

mf
ml

(2)
f ld ,

where mf and ml are the follower and leader mass, Rf and Rl are the follower
and leader inertial position, ω o is the angular velocity of the orbiting frame,
ag (R) is the gravitational acceleration, uf and ul are the follower and leader
control forces, f f d and f ld are the disturbance forces on the follower and leader,
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and ρ = Rf − Rl is the relative position.
Assumption 1
It is assumed that the differential disturbance force can be parameterized linearly as
f fd −

mf
f = −W(ρ, t)θ,
ml ld

(3)

for some constant vector θ ∈ Rd , and some mapping W(ρ, t) : R3 × R → R3×d ,
such that for any d > 0, ρ ∈ Bd implies ∃w̄ > 0 such that kW(ρ, t)k ≤ w̄, ∀t ≥ 0,
∆

where {Bd = x ∈ R3 : kxk ≤ d}. Additionally, W(ρ, t) is assumed to be continuous in ρ uniformly in t and uniformly continuous in t uniformly in ρ.

Since the spacecraft masses are typically known very accurately, they are not
estimated (unlike in [10]).

4

Formulation of Control Law

As in [10], it is assumed that a desired relative spacecraft trajectory ρd (t)
is available, and that ρd (t) and its first two derivatives are continuous and
bounded. The relative position error is defined as
∆

e(t) = ρ(t) − ρd (t).

(4)

The control objective is then to ensure that e(t) → 0 as t → ∞. In order to
make use of the results in section 2, the filtered error is defined as
∆

r(t) = ė(t) + Λe(t),
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(5)

for some constant positive definite diagonal design parameter Λ > 0. Differentiating (5) leads to
ṙ(t)

=

∆

ë(t) + Λė(t),

=

ρ̈ − ρ¨d + Λė(t).

(6)

Multiplying (6) by mf and substituting (2) gives
mf ṙ

=


×
× ×
−mf (ρ̈d (t) − Λė(t)) − mf 2ω×
o ρ̇ + ω o ω o ρ + ω̇ o ρ


m
m
−mf (ag (Rl ) − ag (Rf )) − mfl ul − −f f d + mfl f ld + uf .

From this it is readily seen that

mf ṙ = −ūf f − W(ρ, t)θ + uf ,

(7)

where
ūf f


×
× ×
= mf (ρ̈d (t) − Λė(t)) + mf 2ω×
o ρ̇ + ω o ω o ρ + ω̇ o ρ
+mf (ag (Rl ) − ag (Rf )) +

mf
ml

ul .

Since the parameters contained in θ are unknown, the control law is chosen to
have the form
uf = ūf f + W(ρ, t)θ̂(t) + ūf ,

(8)

where ūf is a to be determined feedback term, and θ̂(t) is an estimate of θ,
which is obtained from the adaptation law
˙
θ̂ = −ΓWT r,
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(9)

where Γ > 0 is some constant positive definite matrix. Defining the adaptation
∆

error to be θ̃ = θ − θ̂, the adaptation error dynamics become
˙
θ̃ = ΓWT r,

(10)

and substituting the control (8) into (7) gives the filtered error dynamics

mf ṙ = −W(ρ, t)θ̃ + ūf .

(11)

Now, all that remains is to choose the feedback part of the control, ūf .
Assumption 2
The class of feedback control laws considered in this paper is.

ūf = g(r, t),

(12)

where g(r, t) is continuous in r uniformly in t, uniformly continuous in t uniformly in r, and for any d > 0, r ∈ Bd implies ∃ḡ > 0 such that kg(r, t)k ≤
∆

ḡ, ∀t > 0, where {Bd = x ∈ R3 : kxk ≤ d}.
The result in Lemma 2 leads to a large class of asymptotically stabilizing control
laws as demonstrated in the following theorem.
Theorem 1
Let Assumption 1 be satisfied. Consider the control and adaptation laws in (8)
and (9) respectively. Assume that the leader control ul is bounded, and that the
∆

leader spacecraft orbital position Rl evolves on the set Ro = {R ∈ R3 : Rmin ≤
kRk for some Rp,max < Rmin , where Rp,max is the maximum radius of the planet
including atmosphere (if it has one). Assume that the desired relative position
ρd is chosen such that the desired follower orbital position (Rl + ρd ) ∈ Ro
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also. Assume that the initial conditions satisfy ke(0)k + λr̄ ≤ Rmin − Rp,max ,
r
˜
T
∆
where r̄ = 2V (r (0),θ(0)) , V (r, θ̃) = 1 m r T r + 1 θ̃ Γ−1 θ̃ and λ > 0 is the min2

mf

f

2

imum diagonal entry in Λ. Let the feedback control law satisfy Assumption 2,
such that ∀r 6= 0, ∃ǫ(||r||) > 0 such that inf t∈[0,∞) −rT g(r, t) ≥ ǫ. Then, the
closed-loop system is stable, with

ė(t) → 0, e(t) → 0
as t → ∞.
Proof
Consider the Lyapunov-like function defined by
1 T
∆ 1
V (r, θ̃) = mf r T r + θ̃ Γ−1 θ̃.
2
2
Differentiating this along the trajectories of (11) and (10) leads to

V̇ = r T g(r, t) ≤ 0.

(13)

From this, it can be concluded that

V (t) ≤ V (0), ∀t ≥ 0,

(14)

and that both r(t) and θ̃(t) are bounded, and hence the system is stable. Since
r(t) is bounded, so are ė(t) and e(t) [17]. Since ρd , ρ̇d are bounded, so are ρ, ρ̇.
Since ρ is bounded, Assumption 1 gives that Wd is also bounded. From (14)
it can be concluded that kr(t)k ≤ r̄. Now, from the definition of the filtered
error,
e(t) = e−Λt e(0) + e−Λt

Z

0

9

t

eΛτ r(τ )dτ.

This leads to the inequality ke(t)k ≤ ke(0)k +

r̄
λ.

Now, the orbital position

of the follower spacecraft is given by Rf = Rl + ρd + e. From this, it can be
concluded that


r̄
Rp,max ≤ Rmin − ke(0)k +
≤ kRf k.
λ
This shows that neither of the spacecraft collide with the planet, or enter its
atmosphere.
By Assumption 2, g(r, t) is also bounded. Therefore, from (11) it can be concluded that ṙ is bounded. Hence, r is a bounded uniformly continuous function
of time. Since r is bounded, r(t) ∈ D, ∀t for some compact set D. Therefore, g(r, t) is uniformly continuous in r, uniformly in t on the set r ∈ D,
and uniformly continuous in t, uniformly in r. By Proposition 1, g(r(t), t)
is itself uniformly continuous and bounded in time. Therefore, the product
rT (t)g(r(t), t) is uniformly continuous in time. From (14) and (13) the integral
R∞ T
0 r (t)g(r(t), t) dt exists and is finite. Therefore, by Barbalat’s Lemma [20], it
can be concluded that r T (t)g(r(t), t) → 0 as t → ∞. Since ∀r 6= 0, ∃ǫ(||r||) > 0

such that inf t∈[0,∞) −rT g(r, t) ≥ ǫ, it must be that r → 0 as t → ∞. Finally,
Lemma 1 yields the result ė → 0, e → 0 as t → ∞. This concludes the proof.
Remark 1: It can be seen that the class of stabilizing feedback controllers in
Theorem 1 contains the class of controllers u = −Kr with K > 0, which are
typically obtained using an r(t) ∈ L2 argument.
Remark 2: The initial condition requirements, and the requirement related to
the set Ro in Theorem 1 are technical conditions required for the result to hold.
However, they are easily satisfied for any realistic planet orbiting formation.

Having obtained the result in Theorem 1, the case when actuator limitations
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are present can now be treated.
Assumption 3
It is assumed that the available control is limited by

−umax ≤ uf ≤ umax ,

(15)

where the inequality in (15) is taken componentwise, and umax > 0.
Consider now the feedback control law

ūf = −Kr,

(16)

where K = diag{k1 , k2 , k3 } with ki > 0, i = 1, 2, 3. Under the saturation
constraints in Assumption 3, the control law in (8) is now implemented as


uf = sat ūf f + Wθ̂(t) − Kr, −umax , umax ,

(17)

where the saturation function is defined componentwise as



xmax,i , if xi > xmax,i



∆
sat (xi , xmin,i , xmax,i ) =
xi
if xmin,i ≤ xi ≤ xmax,i




 xmin,i if xi < xmin,i

(18)

Before proceeding, an additional assumption is needed.

Assumption 4
The desired relative spacecraft trajectory ρd is designed such that −umax + δ ≤

T
ūf f + Wθ̂(t) ≤ umax − δ, where δ = δ 1 1 1
for some δ > 0.
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Under Assumption 4, the control law in (17) becomes

uf = ūf f + Wθ̂(t) + sat (−Kr, ūmin (t), ūmax (t)) ,
∆

(19)

∆

where ūmin (t) = − umax − (ūf f + Wθ̂(t)) and ūmax (t) = umax − (ūf f + Wθ̂(t))
with −2umax < ūmin (t) ≤ −δ and 2umax > ūmax (t) ≥ δ. The result for
spacecraft formation control including actuator saturation limitations can now
be stated.
Theorem 2
Let Assumptions 1, 3 and 4 be satisfied. Consider the control and adaptation
laws in (17) and (9) respectively. Assume that the leader control ul is bounded
and uniformly continuous, and that the leader spacecraft orbital position Rl is
∆

uniformly continuous and evolves on the set Ro = {R ∈ R3 : Rmin ≤ kRk} for
some Rp,max < Rmin . Assume that the desired relative position ρd is chosen
such that the desired follower orbital position (Rl + ρd ) ∈ Ro also. Assume
that the initial conditions satisfy ke(0)k + λr̄ ≤ Rmin − Rp,max , where r̄ =
r
˜
2V (r (0),θ (0))
and λ > 0 is the minimum diagonal entry in Λ. Then, the
mf
closed-loop system is stable, with

ė(t) → 0, e(t) → 0
as t → ∞.
Proof
Setting g(r, t) = sat (−Kr, ūmin (t), ūmax (t)), it is clear that g(r, t) is bounded.
Letting k and k̄ be the minimum and maximum diagonal entries in K respectively, and choosing ǫ(||r||) = k||r||2 when ||r|| ≤
||r|| >

δ
,
k̄

δ
,
k̄

and ǫ(||r||) = kδ 2 when

it can readily be shown that inf t∈[0,∞) −rT g(r, t) ≥ ǫ. Since all

assumptions in Theorem 1 are satisfied, other than Assumption 2, all that is
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needed to prove this theorem is to show that Assumption 2 holds also.
Following the proof of Theorem 1, it can be shown that r, ṙ, θ̃, e, ė, ρ, ρ̇, W
are all bounded. From (6), it can be obtained that ë and ρ̈ are bounded also.
Hence, r, e, ė, ρ and ρ̇ are all uniformly continuous. Since ρ is bounded and
uniformly continuous, Assumption 1a together with Proposition 1 gives that W
is uniformly continuous also.
Since θ is constant, and θ̃ is bounded (from the proof of Theorem 1), θ̂ is
˙
bounded also. From equation (9), θ̂ is bounded. Hence, θ̂ is uniformly continuous also. Finally, the product Wθ̂ is uniformly continuous since it is the product
of bounded uniformly continuous functions. It can therefore be concluded that
the saturation limits in (19), ūmin (t) and ūmin (t) are uniformly continuous.
The continuity requirements on g(r, t) will now be established componentwise.
Each component of g(r, t) has the form h(x, t) = sat (−kx, a(t), b(t)) where
a(t) < 0 and b(t) > 0 are uniformly continuous. Fixing t, it can be seen that
h(x, t) satisfies
|h(x2 , t) − h(x1 , t)| ≤ k|x2 − x2 |
Therefore, with t fixed, h(x, t) is Lipshitz continuous and hence uniformly continuous, independently of t. Now, fix x, and choose any ǫ > 0. By uniform
continuity of a(t) and b(t), ∃δa > 0, δb > 0 such that
|t2 − t1 | < δa ⇒ |a(t2 ) − a(t1 )| < ǫ,
|t2 − t1 | < δb ⇒ |b(t2 ) − b(t1 )| < ǫ,
∆

Define δ = min(δa , δb ). Then,

|t2 − t1 | < δ ⇒ |a(t2 ) − a(t1 )| < ǫ, |b(t2 ) − b(t1 )| < ǫ.
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There are now several cases to consider. Consider x < 0.
Case 1 b(t1 ) < −kx and b(t2 ) < −kx.
In this case, |h(x, t2 ) − h(x, t1 )| = |b(t2 ) − b(t1 )| < ǫ.
Case 2 b(t1 ) < −kx ≤ b(t2 ).
In this case, |h(x, t2 ) − h(x, t1 )| = | − kx − b(t1 )| ≤ |b(t2 ) − b(t1 )| < ǫ.
Case 3 b(t2 ) < −kx ≤ b(t1 ).
Swapping t1 and t2 , this is the same as for case 2.
Case 4 b(t1 ) ≥ −kx and b(t2 ) ≥ −kx.
In this case, |h(x, t2 ) − h(x, t1 )| = 0.
The same conclusions can be reached for x > 0 by simply swapping the sign of
inequality and replacing b(t) with a(t) in Cases 1 to 4 above. The case x = 0 is
trivial, since h(0, t) = 0. Therefore, it can be concluded that given any ǫ > 0,
∃δ > 0 independently of x, such that
|t2 − t1 | < δ ⇒ |h(x, t2 ) − h(x, t1 )| < ǫ.
Therefore, Assumption 2 is satisfied, and from Theorem 1, the result is proved.

Now, the question arises as to how to ensure that the condition in Assumption 4 is satisfied. Consider the ball Bu = {u ∈ R3 : kuk < u − δ, u =
mini=1,2,3 {|umax,i |}. This is the largest open ball such that Bu ⊂ {u ∈ R3 :
−umax +δ < u < umax −δ}. Therefore, if it can be shown that ūf f +Wθ̂ ∈ Bu ,
then Assumption 4 is satisfied.
Lemma 2
Given bounds on the unknown parameters, the orbital angular velocity and its
derivative
kθk ≤ θ̄,
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(20)

kω o k ≤ ω̄o ,

(21)

¯ o,
kω̇o k ≤ ω̇

(22)

and

given a function w̄(s) ≥ 0 such that
kW(ρ, t)k ≤ w̄(kρk).

(23)

Let Γ = diag{γi }, γi > 0, i = 1, ..., d be diagonal, and define
V̄ =

1
1 ¯2
mf rT (0)r(0) +
θ̃ ,
2
2γ 0

(24)

where γ is the smallest diagonal element of Γd .
Assume that the feedback control g(r, t) satisfies rT g(r, t) ≤ 0 on the interval
t ∈ [0, t∗ ], for some t∗ > 0. As shown in the proof of Theorem 1, during the
interval t ∈ [0, t∗ ] the leader and follower spacecraft evolve on the set
∆

R̄o =

(

3

R ∈ R : Rmin −

1
ke(0)k +
λ

s

2V̄
mf

!

)

≤ kRk .

It is assumed that the gravitational acceleration ag (R) is differentiable on this
domain, and that a known bound Ag > 0 exists such that
∂ag
(R) ≤ Ag , ∀R ∈ R̄o .
∂RT

(25)

Under the above conditions, if the desired relative trajectory ρd (t) is designed
such that
W̄θ ≤ u − δ,
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(26)

for some arbitrarily small δ > 0, where u = mini=1,2,3 {umax,i |},
W̄θ

∆

=

×
× ×
ρ̈d + 2ω ×
o ρ̇d + (ω o ω o + ω̇ o )ρd + ag (Rl ) − ag (Rl + ρd ) mf
q


m
2V̄
¯ o + Ag
+ λf m
(λ + λ̄)(2ω̄o + λ̄) + ω̄o2 + ω̇
f


¯ o + Ag
+mf ke(0)k (2ω̄o + λ̄)λ̄ + ω̄o2 + ω̇
q
h
i
p
2V̄
)
θ̄
+
+w̄(ρ̄d + ke(0)k + λ1 m
2γ̄
V̄
,
d
f
(27)

and kρd (t)k ≤ ρ̄d is a known bound, then
kūf f + Wθ̂k ≤ W̄θ ≤ u − δ.

(28)

on the interval t ∈ [0, t∗ ]. Note that λ̄ and λ are the maximum and minimum
diagonal entries of Λ respectively.

Proof The Lyapunov-like function in Theorem 1 is given by

V (t) =

1
1 T
mf rT (t)r(t) + θ̃ (t)Γ−1 θ̃(t)
2
2

(29)

Given bounds on the initial estimation error, the Lyapunov-like function (29)
can be upperbounded at its initial condition by V (0) ≤ V̄ . Making use of (14)
in the proof of Theorem 1, it can be shown that

kr(t)k ≤

s

2V̄
,
mf

(30)

kθ̃(t)k ≤

q
2γ̄ V̄ ,

(31)
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where γ̄ is the largest diagonal element of Γ. Following the proof of Theorem
1, (30) and the definition of the filtered error (1) leads to
1
ke(t)k ≤ ke(0)k +
λ

kė(t)k ≤



λ + λ̄
λ

s

s

2V̄
,
mf

(32)

2V̄
+ λ̄ke(0)k.
mf

(33)

Finally, the bounds (20) and (31), together with the definition of the adaptation
error, lead to bounds on the estimates

kθ̂(t)k ≤ θ̄ +

q
2γ̄ V̄ .

(34)

From (25), it can be obtained that

kag (Rl (t) + ρd (t)) − ag (Rl (t) + ρd (t) + e(t))k ≤ Ag ke(t)k.

(35)

Since the leader satellite control ul is essentially a free parameter, it can always
be chosen so as to reduce kūf f + Wθ̂k. Therefore, in the following analysis, its
contribution is ignored (set ul ≡ 0).
Finally, making use all of the bounds (32) to (35), it can be shown that

kūf f + Wθ̂k ≤ W̄θ ≤ u − δ.

(36)

This concludes the proof.

Corollary
If the desired relative trajectory ρd (t) is designed to satisfy (26) for some δ > 0,
then Assumption 4 is satisfied on the infinite interval t ∈ [0, ∞) with the control
law (17).
17

Proof
Suppose it were not the case, then by continuity of the solution, there must
exist a time t∗ > 0 and 0 < δ2 < δ, such that kūf f (t∗ ) + Wθ̂(t∗ )k = u − δ2 ,
and kūf f (t) + Wθ̂(t)k ≤ u − δ2 on the interval t ∈ [0, t∗ ], such that Assumption
4 is satisfied on this interval with δ2 . From the proof of Theorem 1, it is seen
that r T g(r, t) ≤ 0 on this interval. Therefore, from Lemma 2, it must be the
case that kūf f (t∗ ) + Wθ̂(t∗ )k ≤ u − δ < u − δ2 on this interval, which is a contradiction. Therefore, Assumption 4 must be satisfied on the infinite interval
t ∈ [0, ∞) with δ.
Remark 3: The bound in (26) is a sufficient (and quite conservative) condition for Assumption 4 to hold. It can be used as a check for a given desired
relative trajectory ρd (t), or as a design condition. It is not the purpose of this
paper to demonstrate how to design ρd (t). However, there are a number of ways
W̄θ in (27) can be reduced. By simply choosing ρd (0) = ρ(0) and ρ̇d (0) = ρ̇(0),
the bound V̄ in (24) is minimized, and the terms containing e(0) in (27) are
eliminated. Alternatively, the first term in (27) can be eliminated by choosing
the desired trajectory ρd to be a natural motion under gravitational influences.
This is desirable from the point of view of steady-state fuel consumption. There
are several papers that address this last problem, [21, 22, 23] to name a few.

5

Numerical Example

As a numerical example to demonstrate the results in this paper, a two-spacecraft
formation flying scenario is considered. The scenario is taken from [22]. Both
spacecraft are under the influence of both two-body and J2 gravitational terms
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[24]. The initial orbital elements of the leader spacecraft are
a

=

7078 km

e =

0

i =

60o

Ω

=

u =

60o
0o

The orbital period is approximately 5940s. In [22], initial conditions for the
relative follower position were obtained that provide natural almost periodic
motion. The resulting relative motion trajectory is the desired follower relative
motion trajectory. From [22], the initial conditions of the desired trajectory are

ρd (0)
ρ̇d (0)

=
=





−375.22 5.499 27.712

T

0.011943 0.20637 0.41789

m
T

m/s

The leader spacecraft is uncontrolled, that is ul = 0. The disturbance forces
acting on the leader and follower spacecraft are constant, and are given by

T
−5
−5
−5
f l = 0 and f f = −1 × 10
N respectively. The
6 × 10
−2 × 10
mass of both spacecraft is mf = ml = 50 kg. The controller parameters are
K =

diag(50, 50, 50)

Λ =

diag(10−3 , 10−3 , 10−3 )

Γ =

diag(10−2 , 10−2 , 10−2 )

The initial condition of the follower spacecraft is taken to coincide with the
leader, that is ρ(0) = 0 and ρ̇(0) = 0. The initial follower disturbance force
estimate is f̂ f = 0. The known bound on the follower disturbance force is taken
to be θ̄d = 10−4 N. To compute the bound in (25), only the dominant two-body
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acceleration term was considered. With ag (R) = − kRµk3 R, it can be shown
that
∂a
µ
.
(R) ≤ 4
T
kRk3
∂R
Since the desired relative trajectory is a natural trajectory under two-body and
J2 gravitation, the first term in (27) is zero. Assuming that kRl k ≥ a − 100km,
the bound in (27) is now obtained as Wθ = 0.9709 N. As mentioned in Remark
3, this bound is conservative, but guarantees that Assumption 4 is satisfied. It
was found by trial and error that the saturation limits on the follower control
effort could be reduced significantly without violating Assumption 4. Saturation
limits were set at umax = 0.3 N in each axis.

Three simulations were performed. The first is with the control law as described
above including saturation constraints. The second is the same control law with
the saturation constraints removed (this was shown in [10] to be asymptotically
stable). The third is with no control.

Figures 2 to 8 show the simulation results. Figure 2 shows the follower position relative to the leader when the control law presented above is applied.
Figures 3 to 5 shows the follower relative position error. It can be seen that the
desired relative trajectory is obtained within one orbit when the control law is
applied both with and without saturation constraints. Convergence is slightly
lower when saturation constraints are in effect. Figures 3 to 5 also show that
in the absence of control, the error does not converge, and displays a small secular drift due to the uncompensated disturbance force on the follower. Figures
6 and 7 show the initial time-history of the total follower control effort when
saturation constraints are and are not enforced, respectively. It can be seen
that in the absence of saturation constraints, the control law demands a very

20

large initial force, well outside the physical capability of the thrusters. When
saturation constraints are enforced, the control law demands the full capacity of
the thrusters for a more prolonged period of time, due to the slower convergence
of the tracking error. Figure 6 suggests that the control input is non-zero at
steady-state, as is required to overcome the disturbance force on the follower.
Figure 8 shows the feedforward (ūf f + Wθ̂) component of the follower control
effort when saturation constraints are enforced. It is clear that Assumption 6 is
never violated. In summary, as predicted by the theory, the desired formation
is achieved in the presence of actuator saturation.

6

Conclusion

In this paper, the Slotine and Li adaptive controller has been applied to the
multiple spacecraft formation flying problem, and examined in the context of
actuator saturation. The formulation allows for gravitational field models of
arbitrary order, and a broad class of linearly parameterized external disturbance
force models. This controller is based upon the feedback of the filtered error.
Making use of Barbalat’s lemma, a broad class of controllers feeding back the
filtered error has been obtained, which encompasses the linear feedback that
is typically used. In particular, conditions have been presented under which
the linear feedback is asymptotically stable under actuator saturation, such as
would be present in a realistic scenario. The resulting controller performance
has been demonstrated with a numerical example for a relative orbit under J2
perturbations.
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Appendix
Notation

ag

gravitational acceleration vector

e

tracking error

g(r, t)

feedback law

K

gain matrix

L2

space of all square integrable functions on [0, ∞)

m

spacecraft mass

p

state vector

r

filtered error

R

absolute spacecraft inertial position

t

time

u

control input

ūf f

feedforward control input

ūf

feedback control input

V

lyapunov-like function

W(ρ, t)

regressor matrix

δ

small positive number

Γ

gain matrix

Λ

gain matrix

ωo

orbital angular velocity vector

ρ

relative spacecraft position

θ

disturbance force parameterization vector

Subscripts
f

follower

l

leader
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Figure 2: Follower Relative Orbit with Respect to Leader
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Figure 3: Along-track Follower Relative Position Error
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Figure 4: Radial Follower Relative Position Error
Cross−track Relative Position Error
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Figure 5: Cross-track Follower Relative Position Error
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Figure 6: Total Follower Control Effort (With Saturation)
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Figure 7: Total Follower Control Effort (Without Saturation)
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Figure 8: Follower Feedforward Control Effort (ūf f + Wθ̂)
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