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Abstract

In this paper, the finite-time velocity-free attitude coordination control for spacecraft formation flying under an undirected
communication graph is addressed. A finite-time observer is introduced to obtain an accurate estimation of unmeasurable
angular velocity and a decentralized finite-time observer is employed to estimate the angular acceleration of the virtual leader.
With the application of the finite-time observer, the decentralized finite-time observer, and the homogeneous method, a
continuous distributed finite-time attitude coordination control law is designed for a group of spacecraft without requiring
angular velocity measurements. A rigorous proof shows that semi-global finite-time stability of the overall closed-loop system
can be achieved and the proposed velocity-free control law guarantees a group of spacecraft to simultaneously track a common
time-varying reference attitude in finite time even when the reference attitude is available only to a subset of the group
members. The performance of the control scheme derived here is illustrated through numerical simulations.
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1 Introduction

In recent years, attitude coordination control for space-
craft formation flying (SFF) has attracted significant at-
tention. This is because SFF is an applicable technolo-
gy for many space missions such as Earth monitoring,
geodesy, deep space imaging and exploration, and in-
orbit servicing and maintenance of spacecraft.

A class of decentralized coordination tracking control
laws was developed in VanDyke and Hall (2006). Ren
(2007) proposed control laws for a team of spacecraft
through local information exchange. With consideration
of external disturbances and time delays, Jin, Jiang,
and Sun (2008) presented a decentralized variable struc-
ture controller for attitude coordination control of mul-
tiple spacecraft. Using a state-dependent Riccati equa-
tion technique, Chang, Park, and Choi (2009) proposed
a decentralized attitude coordination control algorithm
for satellite formation flying. Chung, Ahsun, and Slotine
(2009) employed a Lagrangian approach and nonlinear
contraction analysis to study the problem of cooperative
tracking control for SFF. Cai and Huang (2014) stud-
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ied the leader-follower attitude consensus problem for
a multiple rigid spacecraft system. In these works, the
control laws require full state measurements. Based on
a bi-directional ring topology, Lawton and Beard (2002)
proposed a passivity based formation control law for
multi-spacecraft attitude alignment. Later, Ren (2010)
extended the work of Lawton and Beard (2002) to the
case of a general undirected connected communication
topology. In Lawton and Beard (2002) and Ren (2010),
the case when the final angular velocity is zero is con-
sidered, and the extension of the obtained results to the
attitude consensus tracking is not straightforward. Ab-
dessameud and Tayebi (2009) proposed a velocity-free
attitude tracking and synchronization control scheme
for a group of spacecraft. However, the common time-
varying reference attitude was assumed to be available
to each spacecraft in the group, which implies that there
exists a central station or a leader which can not only
obtain the group reference but also communicate with
each group member in the formation. The requirement
of such a leader introduces an apparent limitation and
the information relay will result in increased complexity
especially when there are a large number of spacecraft.
Therefore, in practical applications, it may be more re-
alistic that a common time-varying reference attitude
is available only to a subset of the group members. A
velocity-free attitude coordination control scheme has
been designed for such a group of spacecraft in (Zou,
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Kumar and Hou, 2012).

The aforementioned attitude coordination laws achieve
asymptotic stability with infinite convergence time. In
the SFF attitude coordinated control, the finite-time
control implies faster formation rearrangement capabil-
ity, which leads to an enhanced application efficiency of
SFF. Finite-time attitude control for a single spacecraft
has been studied in Jin and Sun (2008), Zhu, Xia, and
Fu (2011), Zou et al. (2011), Du, Li, and Qian (2011), Du
and Li (2012, 2013), Lu and Xia (2013) and Zou (2014).
However, the extension of the finite-time attitude con-
trol algorithms from the single spacecraft case to the
multiple spacecraft case is nontrivial especially for the
case when there exists a dynamic (virtual) leader whose
state is not accessible to all followers.

Several authors have investigated the finite-time atti-
tude cooperative control problem, e.g., Meng, Ren, and
You (2010), Du, Li, and Qian (2011), Zou and Kumar
(2012), Zhou, Hu, and Friswell (2013), and Zhou et al.
(2014). In Meng, Ren, and You (2010), based on a dis-
tributed sliding-mode estimator and a nonsingular slid-
ing mode surface, a distributed finite-time control law
was designed for a group of rigid bodies with a dynam-
ic leader. However, the control law is discontinuous, and
the discontinuity of the control input may cause chat-
tering behavior and excite unmodeled high-frequency
system dynamics. Du, Li, and Qian (2011) proposed a
distributed finite-time attitude control scheme for SF-
F under a communication graph which has a hierarchi-
cal structure. However, the control law is not applicable
to finite-time attitude coordination control for SFF un-
der an undirected communication graph. In Zhou, Hu,
and Friswell (2013), a quaternion-based finite-time at-
titude coordination control law was proposed for satel-
lite formation flying. However, it is only shown that the
vector part of the quaternion of each member in the
group can track the desired trajectory, and it is not clear
whether the attitude synchronization and tracking can
be achieved in finite time. Based on the adaptive sliding
mode control technique, decentralized finite-time atti-
tude control laws were proposed for multiple rigid space-
craft in Zhou et al. (2014). However, each spacecraft in
the formation has its own reference trajectory, and the
control laws are not extendable to the case when there
is a common time-varying reference attitude which is
available to only a subset of the group members. Fur-
thermore, the aforementioned cooperative finite-time at-
titude control laws rely on the availability of angular
velocity measurements. However, in practical applica-
tions, due to either cost limitations or implementation
considerations, angular velocity measurements may not
be available. Therefore, it is highly desirable to design
a velocity-free distributed attitude coordination control
law that can provide finite-time control for SFF.

In this paper, we study finite-time velocity-free attitude
coordination control for SFF under an undirected com-

munication graph. We consider the case when the com-
mon time-varying reference attitude is available only to
a subset of the team members. The attitude of each s-
pacecraft in the formation is represented by modified
Rodrigues parameters (MRPs). Using the finite-time ob-
server introduced in Zou (2014), a decentralized finite-
time observer and the homogeneous method, we propose
a distributed semi-global velocity-free finite-time atti-
tude coordination control law for SFF. In this paper, the
term “semi-global stability” refers to the attitude system
usingMRPs-based representation. The proposed control
law is useful and valuable during formation acquisition
and deployment phases.

2 Background and Preliminaries

2.1 Notation, Definitions and Lemmas

The notation ∥ · ∥ refers to the Euclidean norm of
a vector or the induced norm of a matrix. In repre-
sents the n × n identity matrix. λmax(·) and λmin(·)
denote the maximum and minimum eigenvalues of a
matrix, respectively. The Kronecker product is denot-
ed by ⊗. Given a vector x = [x1, x2, · · · , xn]T ∈ Rn

and α ∈ R, define xα = [xα1 , x
α
2 , · · · , xαn]T , sigα(x) =

[sgn(x1)|x1|α, sgn(x2)|x2|α, · · · , sgn(xn)|xn|α]T , and
diag (|x|α) = diag (|x1|α, |x2|α, · · · , |xn|α), where sgn(·)
denotes the signum function defined by sgn(y) = 1 if
y ≥ 0 and sgn(y) = −1 if y < 0, ∀y ∈ R. For any λ > 0
and any set of real parameters ri > 0(i = 1, 2, · · · , n),
a dilation operator δrλ : Rn 7−→ Rn is defined by
δrλ(x1, x2, · · · , xn) = (λr1x1, λ

r2x2, · · · , λrnxn), where
r = [r1, r2, · · · , rn]T .

Definition 1 (Nakamura, Yamashita, & Nishitani,
2004). A continuous function f : Rn 7−→ R is homo-
geneous of degree k with respect to the dilation δrλ if
∀λ > 0, f(δrλ(x)) = λkf(x), where k > −min{ri}, i =
1, 2, · · · , n. A differential system ẋ = f(x) (or a vector
field f), with continuous f : Rn 7−→ Rn, is homoge-
neous of degree k with respect to the dilation δrλ if
∀λ > 0, fi(δ

r
λ(x)) = λk+rifi(x), i = 1, 2, · · · , n.

Definition 2 (Hong, Wang, & Cheng, 2006). Consider
the following system:

ẋ = f(x, t), f(0, t) = 0, x ∈ U ⊂ Rn (1)

where f : U × R+ → Rn is continuous on an open
neighborhood U of the origin x = 0. The zero solution of
(1) is (locally) finite-time stable if it is Lyapunov stable
and finite-time convergent in a neighborhood U0 ⊆ U
of the origin. The “finite-time convergence” means: If,
for any initial condition x(t0) = x0 ∈ U0 at any given
initial time t0, there is a setting time T > 0, such that
every solution x(t; t0, x0) of system (1) is defined with
x(t; t0, x0) ∈ U0\{0} for t ∈ [t0, T ), limt→T x(t; t0, x0) =
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0, and x(t; t0, x0) = 0, ∀t > T . When U = U0 = Rn,
the zero solution is said to be globally finite-time stable.

Lemma 1 (Hong, Wang, & Cheng, 2006). Suppose that
there is a Lyapunov function V (x, t) defined on U1×R+,
where U1 ⊆ U ∈ Rn is a neighborhood of the origin, and

V̇ (x, t) ≤ −lV a(x, t), ∀x ∈ U1 \ {0} (2)

where l > 0 and 0 < a < 1. Then, the origin of system
(1) is locally finite-time stable. The settling time satisfies

T ≤ V 1−a(x(t0),t0)
l(1−a) for a given initial condition x(t0) ∈

U1.

Corollary 1. Suppose that there is a Lyapunov function
V (x, t) defined on U1 × R+, where U1 ⊆ U ∈ Rn is a
neighborhood of the origin, and

V̇ (x, t) ≤ −lV a(x, t) + kV (x, t), ∀x ∈ U1 \ {0} (3)

where l, k > 0 and 0 < a < 1. Then, for a given initial
condition x(t0) at any initial time t0, the origin of sys-
tem (1) is locally finite-time stable if x(t0) ∈ {U1 ∩ U2},
where U2 = {x|V 1−a(x, t) < l/k} is a neighborhood of
the origin and satisfies that U2 ⊆ U1 or U1 ⊆ U2. The

settling time satisfies T ≤ V 1−a(x(t0),t0)
(l−kV (x(t0),t0))(1−a) for a giv-

en initial condition x(t0) ∈ {U1 ∩ U2}.

Proof. Note that if x ∈ {U1 ∩ U2}, then we have

V̇ (x, t) ≤ −lV a(x, t) + kV (x, t)

= −(l − kV 1−a(x, t))V a(x, t) ≤ 0 (4)

which implies that V (x, t) ≤ V (x(t0), t0) for any initial
condition x(t0) ∈ {U1 ∩ U2}. Thus, (4) becomes

V̇ (x, t) ≤ −(l − kV 1−a(x(t0), t0))V
a(x, t). (5)

The conclusion follows from Lemma 1. 2

Lemma 2 (Qian & Lin, 2001). For any x ∈ R, y ∈
R, c > 0, d > 0, and γ > 0, |x|c|y|d ≤ cγ|x|c+d/(c+ d)+
d|y|c+d/[γc/d(c+ d)].

Lemma 3 (Hardy, Littlewood, & Polya, 1952). For any
xi ∈ R, i = 1, 2, · · · , n, and a real number ν ∈ (0, 1],
(
∑n

i=1 |xi|)ν ≤
∑n

i=1 |xi|ν ≤ n1−ν (
∑n

i=1 |xi|)
ν
.

Lemma 4. For any x ∈ R, y ̸= 0 ∈ R, c > 0, d > 0, and
c− d > 0, the following inequality holds:

|x|c

|y|d
≥ c

c− d
|x|c−d − d

c− d
|y|c−d. (6)

Proof. By Lemma 2, we have |x|c−d|y|d ≤ c−d
c |x|c +

d
c |y|

c, which implies that c|x|c−d ≤ (c−d) |x|
c

|y|d +d|y|c−d,

which rearranges to give (6). 2

Lemma 5. For any xi ∈ R, i = 1, 2, · · · , n, and a
real number p > 1,

∑n
i=1 |xi|p ≤ (

∑n
i=1 |xi|)

p ≤
np−1

∑n
i=1 |xi|p.

Proof. We consider two cases, i.e.,
∑n

i=1 |xi| = 0
and

∑n
i=1 |xi| ̸= 0. It is clear that the lemma holds

for
∑n

i=1 |xi| = 0. For
∑n

i=1 |xi| ̸= 0, we first show∑n
i=1 |xi|p ≤ (

∑n
i=1 |xi|)

p
. By noticing that p > 1, we

obtain

n∑
i=1

(
|xi|∑n
j=1 |xj |

)p

≤
n∑

i=1

|xi|∑n
j=1 |xj |

= 1. (7)

Multiplying both sides of (7) by
(∑n

j=1 |xj |
)p

, we can

obtain that
∑n

i=1 |xi|p ≤ (
∑n

i=1 |xi|)
p
. By Lemma 4,

np−1

(
|xi|∑n
j=1 |xj |

)p

≥ p|xi|∑n
j=1 |xj |

− (p− 1)
1

n
(8)

leading to

np−1
n∑

i=1

(
|xi|∑n
j=1 |xj |

)p

≥ p

∑n
i=1 |xi|∑n
j=1 |xj |

− (p− 1)

= 1 (9)

Multiplying both sides of (9) by
(∑n

j=1 |xj |
)p

, we can

obtain that (
∑n

i=1 |xi|)
p ≤ np−1

∑n
i=1 |xi|p. This com-

pletes the proof of Lemma 5. 2

2.2 Problem Formulation

Consider a group of n spacecraft in which the ith (i =
1, 2, · · · , n) spacecraft is governed by (Hughes, 1986)

q̇i = Ti(qi)ωi, Jiω̇i = −ω×
i Jiωi + τi (10)

where Ji ∈ R3×3 is the inertia matrix, τi ∈ R3 is the
torque control, ωi ∈ R3 is the angular velocity of the
ith spacecraft in a body-fixed frame, qi(t) ∈ R3 repre-
sents the MRPs (Shuster, 1993) describing the space-
craft attitude with respect to an inertial frame, defined

by qi(t) = ϱi(t) tan
(

ϕi(t)
4

)
, ϕi ∈ [0, 2π)rad with ϱi

and ϕi denoting the Euler eigenaxis and eigenangle, re-
spectively. a× ∈ R3×3 denotes a 3 × 3 skew-symmetric
matrix such that a × b = a×b for any a, b ∈ R3. The
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matrix Ti(qi) ∈ R3×3 is given by (Shuster, 1993)

Ti(qi) =
1

2

[
1− qTi qi

2
I3 + q×i + qiq

T
i

]
. (11)

Equation (10) can be transformed as

q̇i = vi, v̇i = fi(qi, vi) + gi(qi)τi (12)

where vi = q̇i, f(qi, vi) = −TiṖiq̇i−TiJ−1
i (Piq̇i)

×JiPiq̇i,

Pi = T−1
i (qi), and gi = TiJ

−1
i .

The main objective of the present work is to design a
distributed control law for τi(i = 1, 2, · · · , n) such that
the attitude state of all spacecraft in the formation can
track a time-varying reference trajectory in finite time
even in the absence of angular velocity measurement.
Furthermore, the control law developed in this paper
is directly applicable to any second-order multi-agent
system in the form of (12).

We model the topology of the information flow among
spacecraft by a weighted undirected connected graph
G = (Υ, E,A), where Υ = {ς1, ς2, · · · , ςn} is the set of n-
odes,E ⊆ Υ×Υ is the set of edges, andA = [aij ] ∈ Rn×n

is the weighted adjacency matrix of graph G with non-
negative elements. Node ςi(i = 1, 2, · · · , n) represents
the ith spacecraft, and an edge inG is denoted by an un-
ordered pair (ςi, ςj). (ςi, ςj) ∈ E if and only if there is an
information exchange between the ith spacecraft and the
jth spacecraft. Since the graph is undirected, (ςi, ςj) ∈
E ⇔ (ςj , ςi) ∈ E. The adjacency element aij denotes the
communication quality between the ith spacecraft and
the jth spacecraft, i.e., (ςi, ςj) ∈ E ⇔ aij > 0. It is as-
sumed that aij = aji and aii = 0; that is, the weighted
adjacency matrix A is a symmetric matrix.

Let D = diag{d1, d2, · · · , dn} denote the degree matrix
of the weighted graphG, whose diagonal element is given
by di =

∑n
j=1 aij(i = 1, 2, · · · , n). The Laplacian matrix

L of the weighted graph G is defined as L = D − A,
which is a symmetric matrix. For any two nodes ςi and
ςj , if there exists a path between them, then G is called
a connected graph.

For the attitude consensus tracking control, we assume
that there exists a virtual leader, labeled as spacecraft 0
and its state is given by q0 ∈ R3, a time-varying reference
trajectory for the spacecraft formation.We use the graph
Ḡ to model the network topology associated with the
system consisting of n spacecraft and one virtual leader.
Let B = diag{a10, a20, · · · , an0} be the adjacency ma-
trix associated with Ḡ, where ai0 > 0(i = 1, 2, · · · , n) is
a constant if the ith spacecraft has access to the leader,
otherwise ai0 = 0. For Ḡ, if there is a path in Ḡ from the
node ς0 (leader) to every node ςi(i = 1, 2, · · · , n), then
Ḡ is called a connected graph.

Theorem 1 (Hong, Hu, & Gao, 2006). If Ḡ is connected,
then the matrix L + B associated with Ḡ is symmetric
and positive definite.

Assumption 1. The reference attitude q0 and its first
three derivatives satisfy ∥q0∥ ≤ B1, ∥q̇0∥ ≤ B2, ∥q̈0∥ ≤
B3 and ∥

...
q 0∥ ≤ B4, where Bi > 0(i = 1, 2, 3, 4) are

known constants.

Remark 1. The attitude consensus tracking problem
has also been investigated in Abdessameud and Tayebi
(2009), Cai and Huang (2014), Chung, Ahsun, and Slo-
tine (2009), Ren (2010), and VanDyke and Hall (2006).
In Abdessameud and Tayebi (2009), Chung, Ahsun, and
Slotine (2009), and VanDyke and Hall (2006), the au-
thors assume that the common reference trajectory is
accessible to all group members. In Ren (2010), angular
accelerations are assumed to be available for exchange
among team members. In Cai and Huang (2014), the de-
sired angular velocity is assumed to be generated by a
linear autonomous system known to all spacecraft in the
formation. In the present investigation these assump-
tions are not necessary.

3 Main Results

In this section, we focus on designing a distributed finite-
time attitude coordination control law for SFF. We as-
sume that only measurement of spacecraft attitude is
available for use in designing the control law and that
only a subset of the group members has access to the
virtual leader. To solve this problem, we use a finite-
time observer, a decentralized finite-time observer and
the homogenous method to design a distributed control
law such that all spacecraft in the group can simulta-
neously track a time-varying reference attitude in finite
time even in the absence of angular velocity measure-
ment and when the reference attitude is available to only
a subset of the team members.

3.1 Finite-Time Observers

Since measurements of angular velocity for each space-
craft in the group are unavailable, the finite-time observ-
er developed in Zou (2014) is introduced to obtain an
accurate estimation of the angular velocity.

Lemma 6 (Zou, 2014). Consider the following observer
for system (12):{

˙̂qi = v̂i + θβ1sig
α(q̃i)

˙̂vi = fi(qi, v̂i) + gi(qi)τi + θ2β2sig
α1(q̃i)

(13)

where i = 1, 2, · · · , n, q̂i and v̂i are estimates of qi and
vi, respectively, q̂i(0) = qi(0), v̂i(0) = 0, q̃i = qi − q̂i,
α ∈ (1/2, 1), α1 = 2α − 1, θ, β1, and β2 are positive
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constants, respectively. For any given constant ∆ >
0, if qi, vi, q̂i and v̂i lie within the compact set Ω1 =
{(qi, vi, q̂i, v̂i)|∥qi∥ ≤ ∆, ∥q̂i∥ ≤ ∆, ∥vi∥ ≤ ∆, ∥v̂i∥ ≤
∆}, then there exists a sufficiently large observer param-
eter θ such that system (13) admits semi-global finite-
time observer.

To facilitate the stability analysis of the closed-loop sys-
tem, a brief proof of this lemma is presented as follows.

Proof. Define ϵ1i = q̃i/θ
θ1 , ϵ2i = ṽi/θ

1+θ1 , ϵ̃1i =

ϵ1i, ϵ̃2i = sig1/α(ϵ2i), ϵ̃i = [ϵ̃T1i, ϵ̃
T
2i]

T , and the dilation
δrλ(ϵ1i, ϵ2i) = (λϵT1i, λ

αϵT2i), where 0 < θ1 < 1, and

ṽi = vi − v̂i. Let M =

[
−β1I3 I3
−β2I3 0

]
. Since the matrix

M is Hurwitz, there exists N = NT > 0 such that
MTN +NM = −I6. Consider the Lyapunov function:

Voi(ϵi) = ϵ̃Ti Nϵ̃i (14)

where ϵi = [ϵT1i, ϵ
T
2i]

T . Following the similar analysis as
that in Zou (2014), we can obtain that

V̇oi ≤ −c2iV β
oi + c3iVoi (15)

where c2i(α, θ) = −max{z:Vα(z)=1} Lfϵi
Voi(z), c3i is a

positive constant, and β = (1 + α)/2, and we can con-
clude that system (13) admits semi-global finite-time ob-
server, i.e., for any constant ∆ > 0, the observer errors q̃i
and ṽi(i = 1, 2, · · · , n) converges to zero in finite time. 2

As the leader’s information is only available to a subset of
the group members, decentralized finite-time observers
are designed for each spacecraft in the group to obtain
an estimation of the acceleration v̇0 = q̈0.

Lemma 7. Consider the following decentralized finite-
time observer for the ith spacecraft:

ṗi = −β3sig
2
α−1

 n∑
j=1

aij(pi − pj) + ai0(pi − v̇0)


− β4sgn

 n∑
j=1

aij(pi − pj) + ai0(pi − v̇0)

 (16)

where i = 1, 2, · · · , n, pi is an estimation of v̇0, pi(0) = 0,
β3 > 0 and β4 > B4 ≥ ∥v̈0∥ are positive constants,
respectively. Then, the estimation error p̃i = pi − v̇0
converges to zero in finite time.

Proof. Noting that
∑n

j=1 aij(pi − pj) + ai0(pi −
v̇0) =

∑n
j=1 lij p̃j + ai0p̃i, where lij is the element

of the graph Laplacian matrix, the dynamic equa-

tion for p̃i is ˙̃pi = −β3sig
2
α−1

(∑n
j=1 lij p̃j + ai0p̃i

)
−

β4sgn
(∑n

j=1 lij p̃j + ai0p̃i

)
−v̈0. Consider the Lyapunov

function

V1(p̃) =
1

2
p̃TM1p̃ (17)

where p̃ = [p̃T1 , p̃
T
2 , · · · , p̃Tn ]T , and M1 = (L + B) ⊗ I3.

The time derivative of V1(p̃) is given by

V̇1 ≤ −β3p̃TM1sig
2
α−1(M1p̃)− (β4 −B4)∥M1p̃∥

≤ −(β4 −B4)

√
2λmin(M2

1 )

λmax(M1)
V

1/2
1 = −c4V 1/2

1 (18)

which implies that the estimation error p̃i = pi − v̇0(i =
1, 2, · · · , n) converges to zero in finite time. 2

Remark 2. Different decentralized finite-time ob-
servers have been proposed in Meng, Ren and You
(2010) and Li, Du and Lin (2011). In these works,
asymptotic control laws are used to ensure the bound-
edness of the agents’ states before the convergence of
the decentralized finite-time observer, while finite-time
control laws are applied to guarantee the finite-time
stability after the convergence of the decentralized
finite-time observer. Differing with these works, an ex-

tra term −β3sig
2
α−1

[∑n
j=1 aij(pi − pj) + ai0(pi − v̇0)

]
is adopted in (16) to guarantee the stability of the
closed-loop system even before the estimation error
p̃i = pi − v̇0(i = 1, 2, · · · , n) converges to zero.

3.2 Design of Finite-Time Controller

For the attitude consensus tracking control, there are t-
wo attitude state error measures for a group of space-
craft; that is, the station-keeping and formation-keeping
attitude state errors. The station-keeping error is the at-
titude state error of an individual spacecraft in the for-
mation with respect to the reference attitude state of the
spacecraft formation, and the formation-keeping error is
the attitude state error of an individual spacecraft with
respect to the other spacecraft in the formation. The
lumped attitude state error including station-keeping
and formation-keeping errors for the ith spacecraft in
the formation are defined as χ1i =

∑n
j=1 aij(qi − qj) +

ai0(qi − q0) and χ2i =
∑n

j=1 aij(vi − vj) + ai0(vi − v0),
where v0 = q̇0, and i = 1, 2, · · · , n. The lumped attitude
state errors χ1i and χ2i can be reexpressed in terms of
the station-keeping attitude state errors e1i = qi − q0
and e2i = vi − v0 as χ1i =

∑n
j=1 lije1j + ai0e1i and

χ2i =
∑n

j=1 lije2j + ai0e2i. Note that the error signal

χ2i(i = 1, 2, · · · , n) cannot be used to design the control
law as it depends on the velocity information. Instead,
for each follower spacecraft, we introduce a new error
signal χ̂2i(i = 1, 2, · · · , n) as χ̂2i =

∑n
j=1 aij(v̂i − v̂j) +

5



ai0(v̂i − v0) =
∑n

j=1 lij ê2j + ai0ê2i, where ê2i = v̂i − v0
which is governed by the following dynamic equation:

˙̂e2i = fi(qi, v̂i) + gi(qi)τi + θ2β2sig
α1(q̃i)− v̇0. (19)

Now, the distributed velocity-free finite-time control law
for the ith spacecraft is chosen as follows:

τi = g−1
i [−k21k2sigα1(χ1i)− k1k3sig

α2(χ̂2i)− fi(qi, v̂i)

− θ2β2sig
α1(q̃i) + pi], i = 1, 2, · · · , n (20)

where α2 = α1/α, k1, k2 and k3 are positive constants.

Substituting the control law (20) into (19) yields

˙̂e2i = −k21k2sigα1(χ1i)− k1k3sig
α2(χ̂2i) + p̃i. (21)

Define e1 = [eT11, e
T
12, · · · , eT1n]T , e2 = [eT21, e

T
22, · · · , eT2n]T ,

ê2 = [êT21, ê
T
22, · · · , êT2n]T , ẽ2 = [ẽT21, ẽ

T
22, · · · , ẽT2n]T , χ1 =

[χT
11, χ

T
12, · · · , χT

1n]
T , and χ̂2 = [χ̂T

21, χ̂
T
22, · · · , χ̂T

2n]
T ,

where ẽ2i = e2i − ê2i = ṽi(i = 1, 2, · · · , n). Then we
have χ1 =M1e1 and χ̂2 =M1ê2 which are governed by

χ̇1 =M1e2 = χ̂2 +M1ẽ2 = χ̂2 +M1ṽ (22)

˙̂χ2 = −k21k2M1sig
α1(χ1)− k1k3M1sig

α2(χ̂2) +M1p̃
(23)

where ṽ = [ṽT1 , ṽ
T
2 , · · · , ṽTn ]T . Define φ1 = χ1, φ2 =

χ̂2/k1, and ϵ2 = [ϵT21, ϵ
T
22, · · · , ϵT2n]T , then we obtain

φ̇1 = k1φ2 +M1ṽ = k1φ2 + θ1+θ1M1ϵ2 (24)

φ̇2 = −k1k2M1sig
α1(φ1)− kα2

1 k3M1sig
α2(φ2) +

M1p̃

k1
.

(25)

Let M̄ =

[
0 I3n

−k2M1 −k3M1

]
. Since the matrix M̄ is

Hurwitz, there exists N̄ = N̄T > 0 such that M̄T N̄ +
N̄M̄ = −I6n. Define φ̃1 = φ1, φ̃2 = sig1/α(φ2), φ̃ =
[φ̃T

1 , φ̃
T
2 ]

T , and the dilation δrλ(φ1, φ2) = (λφT
1 , λ

αφT
2 ).

Consider the following Lyapunov function:

V2(φ) = φ̃T N̄φ̃ (26)

where φ = [φT
1 , φ

T
2 ]

T . We first focus on the case when
ϵ2 = 0 and p̃ = 0, such that (24) and (25) become

φ̇1 = k1φ2 (27)

φ̇2 = −k1k2M1sig
α1(φ1)− kα2

1 k3M1sig
α2(φ2). (28)

Let fφ be the vector field of system defined by (27)
and (28), and it can be verified that fφ is homo-
geneous of degree α − 1 with respect to the dila-
tion δrλ(φ1, φ2). Moreover, V2(φ) and LfφV2(φ) are

homogeneous of degree 2 and α + 1 with respec-
t to the dilation δrλ(φ1, φ2), respectively. It follows
from Lemma 4.2 in Bhat and Bernstein (2005) that

−c5(α, k1)V β
2 (φ) ≤ LfφV2(φ) ≤ −c6(α, k1)V β

2 (φ),
where c5(α, k1) = −min{z:V2(z)=1} LfφV2(z) and
c6(α, k1) = −max{z:V2(z)=1} LfφV2(z). Using the
same method as that in Shen and Xia (2008) and
Shen and Huang (2009), it can be verified that
limα→1 c6(α, k1) ≥ k1/λmax(N̄).

The time derivative of V2 along with (24) and (25) is

V̇2 ≤ −c6(α, k1)V β
2 (φ)

+ 2φ̃T N̄

 θ1+θ1M1ϵ2
1

k1α
diag

(
|φ2|

1
α−1

)
M1p̃

 . (29)

Define ψ = [ψT
1 , ψ

T
2 , · · · , ψT

n ]
T and ψi =

∑n
j=1 lij p̃j +

ai0p̃i(i = 1, 2, · · · , n). Noticing that

∥∥∥diag(|φ2|
1
α−1

)
ψ
∥∥∥ ≤

n∑
i=1

3∑
j=1

|φ2i,j |
1
α−1|ψij |

2λmax(N̄)

k1α
|φ2i,j |

1
α−1|ψij | ≤

1√
3n

|φ2i,j |
1
α + c01|ψij |

1
α

where c01 = 2λmax(N̄)
k1

(
2
√
3n(1−α)λmax(N̄)

k1α

)1/α−1

and

Lemma 2 is applied, it follows that

2λmax(N̄)

k1α

∥∥∥diag(|φ2|
1
α−1

)
ψ
∥∥∥

≤ 1√
3n

 n∑
i=1

3∑
j=1

|φ2i,j |
1
α

+ c01

 n∑
i=1

3∑
j=1

|ψij |
1
α


≤ ∥φ̃2∥+ c01

 n∑
i=1

3∑
j=1

|ψij |
1
α

 (30)

where Lemma 3 is applied. Thus, we obtain

2λmax(N̄)

k1α
∥φ̃∥

∥∥∥diag(|φ2|
1
α−1

)
ψ
∥∥∥

≤ 2∥φ̃∥2 + c201
4

 n∑
i=1

3∑
j=1

|ψij |
1
α

2

≤ c7V2 + c8

n∑
i=1

3∑
j=1

|ψij |
2
α

= c7V2 + c8ψ
T sig

2
α−1(ψ) (31)

where c7 = 2/λmin(N̄), c8 = 3nc201/4, and Lemma 5 is
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applied. Furthermore, noting that

∥φ̃∥∥ϵ2∥ ≤

 2∑
i=1

n∑
j=1

3∑
m=1

|φ̃ij,m|

 n∑
j=1

3∑
m=1

|ϵ2j,m|


and

2θ1+θ1λmax(N̄)λmax(M1)|φ̃ij,s|

 n∑
j=1

3∑
m=1

|ϵ2j,m|


≤ 1

(6n)1−β
|φ̃ij,s|1+α +

αc03
1 + α

 n∑
j=1

3∑
m=1

|ϵ̃2j,m|1+α


where s = 1, 2, 3, c02 = 2θ1+θ1λmax(N̄)λmax(M1), c03 =

c02
[
3nc02(6n)

1−β/(1 + α)
]1/α

, and Lemma 2 is applied,
we obtain

c02∥φ̃∥∥ϵ2∥ ≤ 1

(6n)1−β

 2∑
i=1

n∑
j=1

3∑
m=1

|φ̃ij,m|1+α


+

6nαc03
1 + α

 n∑
j=1

3∑
m=1

|ϵ̃2j,m|1+α


≤ 1

λβmin(N̄)
V β
2 +

6× 31−βnαc03

(1 + α)λβmin(N)

n∑
i=1

V β
oi

= c9V
β
2 + c10

n∑
i=1

V β
oi (32)

where Lemma 3 is used. Applying the inequalities (31)
and (32) to (29) leads to

V̇2 ≤ −(c6 − c9)V
β
2 + c7V2 + c8ψ

T sig
2
α−1(ψ) + c10

n∑
i=1

V β
oi .

(33)

Remark 3. The control torque τi(i = 1, 2, · · · , n) giv-
en in (20) depends on the local information rather than
the global information. Therefore, the control law is dis-
tributed. Furthermore, only attitude measurements are
necessary for use in the control law, and finite-time sta-
bility of the overall closed-loop system can be achieved
as will be shown in Theorem 2. Finally, the prior knowl-
edge about the topology of information flow, i.e., the
topology graph is connected and undirected, is necessary
to implement the proposed control law.

Theorem 2. Consider that a group of spacecraft are
described by (12) under an undirected connected com-
munication graph, the finite-time observers are given
by (13) and (16), and the distributed control law is de-
fined by (20). For any given constant VM > 0, if the

initial conditions satisfy
∑n

i=1 Voi(ϵi(0)) + V1(ψ(0)) +
V2(φ(0)) ≤ VM , where Voi, V1 and V2 are defined by (14),
(17) and (26), respectively, andAssumption 1 is satisfied,
then there exist parameters θ, α, k1, k2, k3, and βj(j =
1, 2, 3, 4) such that the semi-global finite-time stability
of the overall closed-loop system can be achieved.

Proof. Consider the following Lyapunov function:

V = K
n∑

i=1

Voi +KV1 + V2 (34)

where K > max{c8, c10} is a large positive constant,
Voi, V1 and V2 are defined by (14), (17) and (26), respec-
tively. The time derivative of V along with (15), (18)
and (33) is

V̇ ≤ c7V2 −K
n∑

i=1

[
(c2m − 1)V β

oi − c3MVoi

]
−K(β3 − 1)ψT sig

2
α−1(ψ)− (c6 − c9)V

β
2 (35)

where c2m = min{c2i} and c3M = max{c3i}(i =
1, 2, · · · , n). Note that the parameters θ and k1 deter-
mine the magnitude of c2m and c6, respectively, we can
choose parameters θ, β3 and k1 such that c2m − 1 > 0,
β3 − 1 > 0, and c̄6 = c6 − c9 > 0. Then, we have

V̇ ≤ −K
n∑

i=1

[
(c2m − 1)V β

oi − c3MVoi

]
− c̄6V

β
2 + c7V2

≤ −K
[
(c2m − 1)V β

o − c3MVo
]
− c̄6V

β
2 + c7V2

= −KV β
o

[
c2m − 1− c3MV

1−β
o

]
− V β

2 (c̄6 − c7V
1−β
2 )
(36)

where Vo(ϵ) =
∑n

i=1 Voi(ϵi), and Lemma 3 is applied.

Choosing θ and k1 such that c2m > c3MV
1−β
M + 1 and

c6 > c7V
1−β
M + c9, it follows that V̇ < 0 on V̄ = Vo(ϵ) +

V1(ψ) + V2(φ) ≤ VM . Thus, all signals in the closed-
loop system are bounded, and there exists a positive
constant ∆ such that ∥qi∥ ≤ ∆, ∥q̂i∥ ≤ ∆, ∥vi∥ ≤ ∆,
and ∥v̂i∥ ≤ ∆. From Lemma 6, if α ∈ (1/2, 1), then
q̃i and ṽi(i = 1, 2, · · · , n) converge to zero in a finite
time tf1, and from Lemma 7, p̃ converges to zero in a
finite time tf2. When t ≥ max{tf1, tf2}, (29) becomes

V̇2 ≤ −c6(α, k1)V β
2 (φ), which indicates that χ1 and χ̂2

converge to zero in finite time as β = (1 + α)/2 < 1.
Since χ1 =M1e1, χ̂2 =M1ê2, and e2 = ṽ+ê2, we obtain
that the tracking errors e1 and e2 converge to zero in
finite time. 2

Remark 4. If α = 1, the observer (13) becomes:{
˙̂qi = v̂i + θβ1q̃i
˙̂vi = fi(qi, v̂i) + gi(qi)τi + θ2β2q̃i

(37)
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and the control law (20) reduces to:

τi = g−1
i [−k21k2χ1i − k1k3χ̂2i − fi(qi, v̂i)− θ2β2q̃i

+ pi], i = 1, 2, · · · , n. (38)

According to the proof procedure of Theorem 2, it is easy
to verify that e1 and e2 converge to zero asymptotically.

4 Simulation Results

In this section, numerical simulations are presented to
verify the effectiveness of the proposed controller. A
scenario where there are six spacecraft and one virtu-
al leader is considered. The mass moment of inertia
tensor for each spacecraft is chosen to be the same
as in Table 1 in Ren (2007). The weighted adjacen-
cy matrix A = (aij)6×6 is taken as a12 = a21 = 0.4,
a16 = a61 = 0.6, a23 = a32 = 0.6, a34 = a43 = 0.6,
a45 = a54 = 0.8, a56 = a65 = 0.6, and aij = 0
for other elements. The adjacency matrix B is cho-
sen as B = diag[0.5, 0, 0, 0, 0, 0.5]. The reference at-

titude is q0 = 0.2[cos(0.2t), sin(0.2t),
√
3]T . The ini-

tial attitude of each spacecraft is considered to be:
q1(0) = [0, 1,

√
3]T , q2(0) = −0.4[1, 1,

√
2]T , q3(0) =

1.4[
√
3, 1, 0]T , q4(0) = −0.6[

√
3, 0, 1]T , q5(0) = 1.5[1,

√
2, 1]T ,

and q6(0) = −1.2[1, 1,
√
2]T . The initial angular veloci-

ty is ωi(0) = 0(i = 1, 2, · · · , 6). The limit on the control
torque is considered to be |τij | ≤ 2Nm, where j = 1, 2, 3.
The observer and controller parameters are set as:
α = 0.8, θ = 10, β1 = β2 = 2, β3 = 4, β4 = 0.5, k1 =
3, k2 = 1, and k3 = 2. The external disturbances are
assumed as ϑi = 0.1[sin(it), cos(it), sin(2it)]T . In this
case, the attitude dynamics given in (10) becomes
Jiω̇i = −ω×

i Jiωi + τi + ϑi.

The performance comparison between the finite-time
controller (20) and the asymptotic controller (38) is ex-
amined. For comparison, the station-keeping attitude
error metric (SKAEM) and the formation-keeping at-
titude error metric (FKAEM) are used, which are re-

spectively defined as SKAEM =
√∑6

i=1 ∥e1i∥2, and

FKAEM =
√∑6

i=1

∑6
j=i+1 ∥qi − qj∥2. Another metric

to measure the overall control effort (OCEM) exerted by

the spacecraft is given by OCEM =
√∑6

i=1 ∥τi∥2.

The response of SKAEM, FKAEM and OCEM for the
finite-time controller (20) and the asymptotic controller
(38) is shown in Fig. 1. It is found that the proposed
controller can provide faster convergence and higher
attitude coordination performance than the asymptotic
controller, which indicates that the proposed finite-time
controller can provide a better disturbance rejection
property than the asymptotic controller (38). For the
transient phase, it is seen from Fig. 1 (c) that the pro-
posed controller requires a slightly larger control effort

than the controller (38). This can be explained as fol-
lows: for any 0 < |x| < 1, we have |x| < |x|α with
0 < α < 1, which results in a larger control input (20)
than (38) during the transient phase. However, since
the finite-time control law can provide a faster transient
response and a higher accuracy control performance,
during the steady-state stage, it is observed from Fig.
1 (c) that the proposed controller can reduce the fuel
consumption as compared with the controller (38).

0 5 10 15 20
0

1

2

3

4

5

6

Time (s)

SK
AE

M

 

 
 Proposed controller
 Asymptotic controller

10 12 14 16 18 20
0

0.1

0.2

0.3

0.4

Time (s)

 

 

(a) SKAEM

0 5 10 15 20
0

2

4

6

8

10

12

14

Time (s)

FK
AE

M

 

 
 Proposed controller
 Asymptotic controller

10 12 14 16 18 20
0

0.05

0.1

0.15

0.2

Time (s)

 

 

(b) FKAEM

0 5 10 15 20
0

1

2

3

4

5

6

7

8

9

Time (s)

OC
EM

 

 

 Proposed controller
 Asymptotic controller

(c) OCEM

Fig. 1. Performance comparison between the finite-time
controller (20) and the asymptotic controller (38).

5 Conclusions

Based on a finite-time observer, a decentralized finite-
time observer, and the homogenous method, a distribut-
ed velocity-free finite-time attitude coordination control
law was developed for spacecraft formations. The perfor-
mance of the proposed controller was compared with an
asymptotic control law. It was shown that the proposed

8



controller can provide a faster convergence rate, better
disturbance rejection property, and higher attitude co-
ordination accuracy than the asymptotic controller. By
removing the requirement of angular velocity measure-
ments, the cost related to sensors can be reduced.
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